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Chapter 1

Introduction

The INGENIOS project, titled “Benchmarking Quantum Supremacy for Com-
binatorial Optimization and Machine Learning Problems”, is driven by the
growing need to explore the practical capabilities and limitations of quan-
tum computing in real-world industrial contexts. Quantum computing has
the potential to transform how we approach optimization and machine learn-
ing tasks, offering a new computational paradigm that could surpass classical
methods, particularly in problems where the complexity grows exponentially
with the size of the instance.

Optimization problems such as Vehicle Routing, Production Planning,
and Fleet Management are at the core of many industrial decision-making
processes. These problems are often modelled as combinatorial optimization
challenges, which, due to their inherent complexity, are difficult to solve
using exact methods within a reasonable time frame. Machine learning,
another key domain for INGENIOS, faces similar challenges, particularly in
clustering, classification, and regression tasks where data complexity and
volume can overwhelm traditional algorithms.

This deliverable represents the first step in the INGENIOS project’s
roadmap. It provides a comprehensive comparative analysis of classical and
quantum algorithms, examining their performance, strengths, and limitations
when applied to combinatorial optimization and machine learning problems.
The analysis aims to address key questions such as:

• What are the current state-of-the-art classical algorithms for optimiza-
tion and machine learning, and what are their performance bottlenecks?

• How do quantum algorithms, including hybrid approaches, compare in
terms of efficiency, scalability, and accuracy?
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• What specific problem characteristics lend themselves to quantum so-
lutions, and how do hardware limitations impact their applicability?

By conducting this comparative study, the INGENIOS project seeks to
lay a solid foundation for the future phases of research, which will involve the
practical application and benchmarking of quantum algorithms on industrial
problems. Furthermore, this deliverable will offer guidance on selecting the
most promising quantum methods and frameworks, assisting collaborators in
aligning their efforts toward solving real-world use cases effectively.

The structure of this document is designed to provide a clear, methodi-
cal overview of the current landscape in classical and quantum computing.
It will begin by outlining the methodologies used for analysis, followed by
in-depth explorations of the state-of-the-art in combinatorial optimization,
machine learning, and quantum algorithms. The document will then present
a comparison between classical and quantum approaches, concluding with
recommendations for future research directions and development within the
project.

Ultimately, this deliverable serves as a critical milestone in the INGE-
NIOS project, bridging theoretical advancements with practical applications.
It not only evaluates where quantum computing stands today but also points
to where it could lead us in the coming years, potentially revolutionizing how
industries approach computational challenges in optimization and machine
learning.
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Chapter 2

Methodology

The goal of the INGENIOS project is to rigorously assess the feasibility
of quantum computing in “real” conditions, exploring its potential to solve
practical and complex problems relevant to our business needs and those of
our clients. This chapter outlines the methodological approach taken in this
project, focusing on the full workflow, from problem formulation to execution
on quantum hardware. This analysis aims to understand if and how quan-
tum computing can offer meaningful computational advantages in real-world
applications, such as the Vehicle Routing Problem (VRP), where constraints
and variability mirror actual business scenarios.

Our approach includes analyzing quantum algorithms not just in theo-
retical terms but through direct benchmarking on real quantum computers,
addressing performance limitations, cost implications, and process complex-
ities.

To achieve the objectives of the INGENIOS project, we will leverage
IBM®’s state-of-the-art quantum computing infrastructure, including its
quantum machines and the Qiskit framework. IBM®’s quantum systems
provide the necessary hardware capabilities to implement and test our algo-
rithms in real-world conditions, while Qiskit offers a robust suite of tools for
developing, simulating, and optimizing quantum circuits. This combination
allows us to translate theoretical models into executable workflows, facilitat-
ing a detailed evaluation of quantum computing’s feasibility and performance
in addressing practical problems.

2.1 End-to-End Workflow Analysis
Our methodology includes a complete analysis of the workflow required to
translate a classical problem into a quantum solution. This end-to-end work-
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flow encompasses each stage in the computational pipeline.

2.1.1 Problem Formulation

The first step involves identifying and clearly defining the problem we intend
to solve. In this phase, we choose a real-world problem and translate it into
mathematical terms, creating an abstract version that can be worked with
on a quantum computer. This stage sets the foundation for all the following
steps by ensuring that we have a well-understood problem that fits into the
combinatorial optimization or machine learning category.

In particular, our objective is to model a VRP, which is highly suit-
able for quantum implementation due to its nature. We will examine the
problem’s dual complexity from two perspectives: constraint modeling and
scalability. First, we will analyze how effectively we can model and include
multiple constraints, such as time windows and pickup-and-delivery require-
ments. Second, we will explore the dimensional complexity, specifically the
number of nodes (representing locations or customers) and the number of
vehicles.

In addition to the VRP, classification problems in machine learning offer
an excellent framework for exploring quantum computing’s potential. Clas-
sification will be investigated by modeling the problem in terms of the hy-
brid Classical-Quantum machine learning algorithms available, specifically
Quantum Support Vector Machines (QSVM), Quantum k-Nearest Neighbors
(QkNN), and Quantum Neural Networks (QNN). The objective is to examine
accuracy and scalability to large datasets, particularly by testing the reliabil-
ity of Quantum machine learning (QML) results on complex problems with
large data sizes and high-dimensional feature spaces.

Both problems will be evaluated with respect to the available quantum
hardware, focusing on key metrics such as the number of qubits and circuit
depth required. By addressing these facets, we aim to determine the feasi-
bility and efficiency of implementing a quantum solution for VRP and classi-
fication, highlighting potential advantages and limitations posed by current
quantum processing capabilities.

2.1.2 Mathematical Reformulation

For what concerns optimization problems, once the problem is defined, we
reformulate it into a Quadratic Unconstrained Binary Optimization (QUBO)
problem. QUBO is a popular form that is well-suited for quantum opti-
mization since it represents the problem in a binary, quadratic framework
that quantum devices can efficiently work with. Reformulating in this way
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transforms the original problem into a form that allows quantum systems
to handle binary variables, a fundamental step for preparing combinatorial
optimization problems for quantum algorithms. To solve our problem on a
quantum computer, we then create a Hamiltonian, which is a mathemat-
ical expression that represents the energy landscape of the problem. The
minimum energy objective guides the quantum computer in finding the low-
est possible energy state of this Hamiltonian, which corresponds to the best
solution for our optimization problem.

For QML, the reformulation step involves encoding classical data, in terms
of features, into quantum states. Various encoding methods can be employed,
such as amplitude encoding, where the data is encoded into the amplitudes of
quantum states, or angle encoding, where the data is represented in the angles
of quantum gates (typically rotation gates) acting on qubits. This enables
the quantum system to process data in a high-dimensional Hilbert space,
which is a key advantage in solving complex problems. As with optimization
problems, the encoding process must be carefully considered in terms of
circuit depth and qubit count. Encoding methods that require fewer qubits or
shallower circuits may offer advantages in terms of computational efficiency,
while more complex encodings may be more powerful but computationally
intensive.

2.1.3 Quantum Circuit Creation

We next move to designing a quantum circuit. This circuit is a sequence of
quantum gates arranged to solve the problem, with each gate representing an
operation on the quantum bits (qubits). The structure of the circuit defines
how the quantum computer will process and manipulate information to arrive
at a solution.

The design process begins with identifying the appropriate algorithms
that inform the circuit’s architecture. For instance, in optimization problems,
algorithms like the Quantum Approximate Optimization Algorithm (QAOA)
provide a framework for constructing the circuit, defining its layers and pa-
rameterization. Similarly, in machine learning applications, approaches such
as the Quantum Support Vector Machine (QSVM) or Variational Quantum
Classifiers (VQC) guide the selection and arrangement of quantum gates
to represent data and perform computations effectively. These algorithms
dictate the circuit’s logical flow, aligning it with the problem’s specific re-
quirements.

These kind of circuits are called variational quantum circuits, and de-
signing them is a crucial step in most of optimization and machine learning
quantum application. A key consideration is the number of layers (or p lay-
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ers), which corresponds to the depth of the circuit. While adding more layers
can potentially increase the accuracy of the solution, it also raises the risk
of introducing noise. In addition, increasing the layers makes the problem
more computationally intensive, leading to longer execution times. In some
cases, adding too many layers can render the problem practically intractable
for current quantum hardware. Therefore, there is a trade-off between the
depth of the circuit and both the accuracy and feasibility of executing the
circuit reliably on a quantum computer.

Furthermore, the number of qubits available is a limiting factor, as many
problems require a large qubit count to represent complex computations effec-
tively. Techniques such as circuit cutting allow for decomposing large circuits
into smaller, more manageable parts, enabling the execution of circuits that
otherwise would exceed qubit limitations. Circuit cutting also helps in ad-
dressing noise by isolating parts of the computation and reducing the error
propagation across the entire circuit.

2.1.4 Quantum Computing Simulation on a Classical
Platform

Classical simulations play a pivotal role in the quantum computing workflow,
acting as a critical bridge between theoretical algorithm design and practical
hardware implementation. They enable:

• Algorithm Validation: By simulating quantum circuits classically,
researchers can verify the correctness of quantum algorithms and detect
errors in the design phase, ensuring that they function as intended
before deployment on actual hardware.

• Performance Benchmarking: Simulations provide valuable insights
into the expected behavior of quantum circuits, such as gate fidelity,
circuit depth, and qubit utilization, helping to predict potential bottle-
necks or failures on quantum machines.

• Feasibility Testing: Classical simulations allow testing of quantum
circuits under realistic constraints, such as limited qubit connectivity or
noise, ensuring that the circuits are tailored to the specific requirements
of the target hardware.

Before running the quantum circuit on an actual quantum device, we
simulate it on a classical platform. These simulators allow researchers to
execute quantum circuits as they would run on actual quantum devices, pro-
viding both idealized (noiseless) and realistic (noisy) simulation modes. By
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incorporating noise models that mimic the imperfections found in physical
qubits, such as decoherence and gate errors, the simulator enables a more
accurate assessment of algorithm performance under conditions similar to
those on real hardware. One powerful feature in this context is the simula-
tor’s ability to handle stabilizer circuits, a specific class of quantum circuits
that can be efficiently simulated due to their structure. Stabilizer circuits,
based on operations that map Pauli operators to other Pauli operators, are
essential for tasks like error correction and certain quantum protocols, where
the preservation of certain quantum states is critical. Leveraging this ef-
ficient simulation capability allows for the rapid testing and verification of
circuits central to practical quantum applications. Additionally, it offers the
option to accelerate computations by leveraging GPU resources and parallel
computing, which significantly enhances simulation speed, particularly for
complex circuits and large-scale systems. This capability is invaluable for
prototyping and optimizing quantum algorithms before deploying them on
actual quantum processors. Moreover, the simulation helps in assessing how
well the circuit might perform and identifying any adjustments that need to
be made to ensure accuracy. Classical simulations also allow us to benchmark
the performance of the circuit in a controlled environment.

However, classical simulations are inherently limited by the exponential
growth in computational resources required to model large quantum systems.
This highlights the need for careful prioritization of simulation tasks and a
focus on circuits that are scalable within available computational resources.

2.1.5 Quantum Hardware Resource Choice

After verifying the circuit on a classical simulator, we choose the appropriate
quantum hardware. Selecting the right quantum device depends on factors
like qubit quality, coherence time, and the size of the circuit required for the
problem. This step ensures that we are using the most suitable quantum
resources available for the task.

2.1.6 Transpilation

Transpilation is the process of adapting our circuit to run effectively on the
chosen quantum hardware. This step includes several sub-processes:

• Layout: Mapping logical qubits to physical qubits on the hardware.

• Routing: Managing qubit interactions to ensure efficient operation
within hardware constraints.
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• Translation: Converting high-level instructions into specific gate op-
erations that the device can perform.

• Optimization: Reducing the number of gates and complexity to im-
prove the circuit’s efficiency and performance on the hardware.

Key metrics for assessing the transpilation process include:

• Transpilation Time: The time required to complete circuit optimiza-
tion.

• Transpilation Gains: Improvements in circuit feasibility (lower error
rates, reduced gate count) and performance due to transpilation.

The Qiskit framework by IBM® provides a comprehensive suite of tools
for quantum circuit transpilation, particularly focused on optimizing circuit
performance for specific hardware constraints. This includes advanced op-
timization techniques aimed at minimizing circuit depth and reducing gate
count, which are essential for improving execution fidelity on noisy quantum
processors.

One of the standout features of Qiskit’s transpilation toolkit is its flex-
ibility in customization: users can define tailored optimization passes that
adapt the circuit to the unique needs of their application. By creating custom
transpilation steps, developers can apply highly targeted optimizations that
go beyond generic methods, which often lack the specificity needed for com-
plex, application-driven requirements. This customized approach can lead
to significant performance gains, making circuits not only more efficient but
also more resilient to the limitations of current quantum hardware.

2.1.7 Job Execution

With the optimized circuit ready, we proceed to the job execution phase,
where the circuit runs on the quantum hardware. This step involves schedul-
ing, where we determine the best time to execute the job to reduce potential
errors and make the most of the hardware’s availability. When possible, we
also use parallelization techniques, running multiple instances of the circuit
to gather more data and improve the reliability of the results.

2.1.8 Comparison with Classical

In classical computing, performance is often measured in terms of Floating-
point Operations Per Second (FLOPS), indicating the number of floating-
point arithmetic operations a system can perform per second. FLOPS is
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a standard metric for evaluating the computational power of classical algo-
rithms, especially in applications that require intensive numerical calcula-
tions, such as simulations, machine learning, and scientific computing.

In quantum computing, an analogous metric called Circuit Layer Op-
erations Per Second (CLOPS) is used to measure performance. CLOPS
quantifies the rate at which quantum operations, or layers of quantum gates,
can be executed on a quantum processor. While CLOPS and FLOPS both
measure computational speed, they apply to fundamentally different types of
computation. CLOPS focuses on the rate of circuit layers executed on qubits,
which exploit quantum phenomena such as superposition and entanglement,
offering the potential for exponential speedup in specific problem domains.

Another critical metric in quantum computing is the Quantum Volume
(QV), which provides a holistic measure of a quantum computer’s capability.
Quantum Volume considers several factors, including the number of qubits,
the connectivity between them, gate fidelity, and circuit depth. It reflects the
system’s ability to solve increasingly complex quantum problems, making it
a key metric for evaluating the practical utility of quantum hardware. Un-
like CLOPS, which measures computational throughput, Quantum Volume
assesses the quality and scalability of quantum computations, indicating the
types of problems a system can handle effectively. A high QV suggests that
a quantum processor can execute more sophisticated algorithms with greater
accuracy, which is essential for real-world applications.

Although CLOPS and FLOPS both indicate computational throughput,
they are not directly comparable. FLOPS measures classical arithmetic op-
erations, while CLOPS reflects quantum gate operations on a circuit layer.
Similarly, Quantum Volume has no direct classical equivalent, as it encap-
sulates unique attributes of quantum systems. Therefore, evaluating the
efficiency of classical versus quantum algorithms requires not just a compar-
ison of FLOPS and CLOPS but also consideration of Quantum Volume, as
well as the distinct computational paradigms and types of problems each is
suited to address.

Unlike classical algorithms, which are typically deterministic and produce
the same output for a given input, quantum algorithms are inherently
non-deterministic. Quantum computations leverage principles such as su-
perposition and entanglement, which lead to a range of possible outcomes
upon measurement. As a result, running the same quantum algorithm mul-
tiple times can yield different results, even when using identical inputs. To
address this, our analysis will also consider the concept of repeatability.
This involves evaluating how consistently the algorithm produces correct or
optimal results across multiple executions. We will investigate the statistical
properties of repeated runs, examining both the distribution of outcomes and
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the likelihood of obtaining the desired solution. The analysis will help us un-
derstand the trade-off between execution fidelity and the probabilistic nature
of quantum computing, providing insights into the feasibility and reliability
of quantum algorithms for practical applications.

2.1.9 Post-Processing and Visualization

Finally, after executing the quantum circuit, we analyze the output. Post-
processing includes interpreting the results, filtering out errors, and poten-
tially refining the data. Visualization techniques help us to better understand
the outcomes, especially for non-expert audiences, as graphical representa-
tions often provide clearer insights into the performance and efficacy of the
quantum computation.

2.2 Methodology for Evaluating Algorithm Ef-
ficiency

The efficiency of an algorithm is often evaluated using asymptotic nota-
tion, which provides a way to classify algorithms based on their growth rate
relative to the input size n. Common notations include:

• Big-O (O) for the upper bound,

• Big-Theta (Θ) for a tight bound,

• Big-Omega (Ω) for the lower bound.

These notations (see Cormen et al. [36]) describe different bounds on an
algorithm’s runtime and are formally defined as follows.

Big-O Notation The Big-O notation f(n) = O(g(n)) describes an upper
bound on f(n):

f(n) = O(g(n)) ⇔ ∃ c > 0, n0 ∈ N : f(n) ≤ c · g(n), ∀n ≥ n0.

Big-Theta Notation The Big-Theta notation f(n) = Θ(g(n)) represents
a tight bound :

f(n) = Θ(g(n))

if and only if:

∃ c1, c2 > 0, n0 ∈ N : c1 · g(n) ≤ f(n) ≤ c2 · g(n), ∀n ≥ n0.
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Big-Omega Notation The Big-Omega notation f(n) = Ω(g(n)) defines
a lower bound :

f(n) = Ω(g(n)) ⇔ ∃ c > 0, n0 ∈ N : f(n) ≥ c · g(n), ∀n ≥ n0.

These notations are essential in understanding the scalability and perfor-
mance of algorithms as input sizes increase, serving as a foundation for algo-
rithm analysis in computational theory.

2.3 Evaluation metrics
To comprehensively assess the performance of quantum algorithms and hard-
ware, and to evaluate the real-world practicality of quantum computing we
employ the following metrics:

• Classical Computation Time for Simulation: The time required
for classical simulation of quantum circuits, which allows us to estimate
resource demands before deploying on quantum hardware.

• Transpilation and Optimization Time: The time taken to convert
high-level circuits into hardware-compatible formats. Transpilation im-
pacts both circuit depth and error rates, making it a key step in the
workflow.

• Circuit Feasibility Gains: These gains quantify the improvements
achieved through optimization, such as reduced circuit depth, mini-
mized gate count, and improved connectivity handling.

• Quantum Computation Time on Hardware: The actual execu-
tion time on quantum processors, essential for determining the practi-
cality of quantum computation in real-time applications.

• Monetary Costs: the financial cost associated with each computa-
tional step, including simulation, transpilation, and quantum execu-
tion. This data provides an economic assessment of quantum comput-
ing’s current and potential value.

These metrics are integrated into the workflow to ensure a holistic analy-
sis of quantum performance, from algorithm design to execution and post-
processing. By tracking these metrics, we can identify bottlenecks, quantify
improvements, and build a roadmap for achieving quantum advantage.
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Chapter 3

State of the Art: Combinatorial
Optimization Algorithms

3.1 Basic Facts & Notation
Combinatorial optimization is a branch of optimization that focuses on find-
ing an optimal object from a finite set of objects (Korte and Vygen [101]).
Unlike continuous optimization, where solutions can vary smoothly, combi-
natorial optimization deals with discrete structures. A general combinatorial
optimization problem can be formulated as:

min
x∈X

f(x) (3.1)

where X ⊆ Rn is a finite or countable set of feasible solutions (which could
represent, for example, all possible combinations or permutations of ele-
ments) and f : X → R is an objective function that assigns a cost to each
solution x ∈ Rn. The goal is to find the optimal solution x∗ ∈ X such that:

f(x∗) ≤ f(x) ∀x ∈ X .

Definition 1 A solution x̄ ∈ X is said to be locally optimal if ε > 0 exists
such that:

f(x̄) ≤ f(x) ∀x ∈ X : ∥x− x̄∥ ≤ ε.

Definition 2 A problem for which there is no feasible solution (X = ∅) is
said to be infeasible; in this case we agree to write:

min
x∈X

f(x) = +∞.
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Definition 3 A problem for which f is not bounded from below in X is said
to be unbounded; in this case we write:

min
x∈X

f(x) = −∞,

meaning that M > 0, ∃ x ∈ X such that f(x) < −M .

The reader is referred to Fischetti [53] and references therein for any
further detail and a general overview on classes of mathematical optimization
models.

3.2 Optimizing under Uncertain Conditions
An underlying assumption of classical combinatorial models is that the in-
put data are not corrupted with noise and, therefore, known exactly at the
moment of optimizing. This assumption, however, is not always practical.
Indeed, real-world observations are often plagued by uncertainty (e.g., due
to limited precision of collecting instruments, measurement mistakes in data
gathering, sampling errors, etc.) and disregarding it might lead to solutions
that are far from optimal. Therefore, the problem of formulating models not
facing deterioration when there are some perturbations in the data set is an
interesting problem that has gained considerable attention from the scientific
community.

Below are reported the main paradigms to deal with problems affected
with uncertain data.

Definition 4 The risk neutral stochastic version of (3.1) is given as follows
(Shapiro et al. [146]):

min
x∈X

EΠ[f(x, ξ)], (3.2)

where the random vector ξ is defined on a probability space (Ξ,F,Π) with
support Ξ ⊆ Rd and probability distribution Π on the σ-algebra F; f is a
real-valued function on X × Ξ and the expectation EΠ is taken with respect
to the probability distribution of ξ.

Definition 5 The risk averse stochastic version of (3.1) is given as follows
(Artzner et al. [13]):

min
x∈X

RΠ[f(x, ξ)], (3.3)

with RΠ coherent measure of risk on ξ. By virtue of example, a common
choice of RΠ is the mean-CVaR.
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Definition 6 The robust version of (3.1) is given as follows (Ben-Tal et al.
[17]):

min
x∈X

max
ξ∈Ξ

f(x, ξ), (3.4)

where the goal is to minimize the worst-case cost f(x, ξ) over all potential
realizations of the uncertain parameters ξ within a predefined uncertainty set
Ξ.

Definition 7 The distributionally robust version of (3.1) is given as follows
(Gao et al. [57]):

min
x∈X

max
Π∈P

EΠ[f(x, ξ)], (3.5)

where the expectation is taken over a set of probability distributions1 P that
capture the ambiguity in the true distribution of the uncertain parameters
ξ. The two most widely used types of ambiguity sets are moment-based and
statistical distance-based sets, with popular choices to measure the dissim-
ilarity between two probability distributions being Wasserstein distance and
φ-divergences (such as Kullback-Leibler divergence, Burg entropy, Modified-
χ2 distance, Variation distance, etc.). See Bayraksan and Love [15], Xie and
Wei [168].

3.3 Real-World Problems
Combinatorial optimization plays a crucial role in solving a wide range of
real-world problems. A few notable applications include (notice that the list
is not exhaustive):

• Knapsack Problem: In this problem, one must select items with given
weights and values to maximize the total value without exceeding a
weight limit. It is used in resource allocation, finance, and project
selection. See Salkin and De Kluyver [141].

• Assignment Problems: These involve assigning a set of agents (workers,
resources) to tasks, where each assignment has a cost. The goal is to
minimize the total cost of the assignments. This applies to areas like
staff scheduling, airline crew assignments, and school timetabling. See
Kuhn [105].

• Traveling Salesman Problem (TSP): Given a set of cities and distances
between them, find the shortest route that visits each city once and
returns to the starting depot.

1The so-called ambiguity set.
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• Vehicle Routing Problem (VRP): This generalizes the TSP by involving
multiple vehicles. The goal is to find the optimal set of routes for a fleet
of vehicles to service a set of customers while minimizing travel costs.
VRP has broad applications in logistics, supply chain management,
and last-mile delivery systems. See Kim et al. [99].

• Job Scheduling: It involves assigning tasks to machines or processors to
optimize objectives such as minimizing completion time or balancing
workload. Applications can be found in production planning and cloud
computing.

• Nurse Rostering : The objective is to create an optimal schedule for
nurses while satisfying a variety of constraints, such as ensuring ade-
quate coverage for each shift, adhering to labor regulations (e.g., max-
imum working hours, mandatory rest periods), accommodating nurses’
preferences (e.g., days off, shift preferences), balancing the workload
evenly among nurses, etc. See Burke et al. [27].

• Network Design: In telecommunications or transportation networks,
optimizing the layout of networks to minimize cost while satisfying
bandwidth or connectivity requirements is a typical combinatorial op-
timization task (Guihaire and Hao [69]).

3.4 Combinatorial Problems and NP-Hardness
Many combinatorial optimization problems are classified as NP-hard, indi-
cating that finding an optimal solution for these problems is computationally
challenging, with no known polynomial-time algorithm that can solve all in-
stances efficiently (Du and Ko [45]). Understanding NP-hardness is crucial
in assessing the computational difficulty of such problems and in choosing
the right approaches to solve them.

Example 1 TSP is one of the best-known NP-hard problems in combina-
torial optimization. Given n cities, the number of possible routes grows fac-
torially, O(n!), making it computationally infeasible to solve for large n.

Example 2 The Knapsack Problem is NP-hard because the number of sub-
sets of items grows exponentially as 2n, where n is the number of items,
leading to a combinatorial explosion in the number of possible solutions.

For these reasons, for large problem instances, exact algorithms that
guarantee optimal solutions may take an exponential amount of time, mak-
ing them impractical for real-world use. Therefore, practitioners often turn
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to approximation algorithms, heuristics, or metaheuristics that can provide
near-optimal solutions within reasonable time frames, even if these methods
do not guarantee optimality.

3.5 Classical Solving Algorithms
Several classical algorithms have been developed to solve combinatorial op-
timization problems. These algorithms can be broadly classified into exact
algorithms, heuristics, and metaheuristics.

3.5.1 Exact Algorithms

Exact algorithms are methods designed to find the optimal solution to a
problem by exhaustively exploring the entire solution space or using advanced
mathematical techniques to guarantee optimality.

• Branch and Bound: This is a tree-based algorithm that systematically
explores the solution space by partitioning it into smaller subproblems
(Fischetti [53]). It guarantees finding the optimal solution but can be
computationally expensive for large instances due to the exponential
growth of the search tree. Commercial solvers like CPLEX and Gurobi
are highly effective for small- to medium-sized problems but can strug-
gle with large-scale instances due to the combinatorial explosion of
integer solutions.
The complexity of the branch and bound algorithm can vary signifi-
cantly depending on the specific problem being solved and the struc-
ture of the search space. In general, this algorithm does not have a
fixed complexity. However, in the worst case, its complexity can be
exponential, particularly for combinatorial optimization problems like
the TSP or the knapsack problem. This is often expressed as O(bd)
where b is the branching factor (the number of child nodes generated
from each node) and d is the depth of the tree (the number of decision
variables).

• Cutting Planes Method: This iterative algorithm starts with the linear
relaxation of the problem, which ignores the integer constraints, and
adds cutting planes (linear inequalities) to exclude non-integer solutions
until an integer optimal solution is found (Fischetti [53]). The cutting
plane method may require a large number of cuts to converge.
It has exponential complexity, indeed, in the worst case, the number
of cutting planes needed to solve an integer programming problem is
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exponential: O(nm), where n is the number of decision variables and
m is the number of constraints.

• Branch and Cut : It is an extension of the branch and bound method,
augmented with cutting planes, to efficiently prune the search space
and improve convergence to an optimal solution. See Kazachkov et al.
[96].
Similar to branch and bound, the worst-case complexity can be expo-
nential, often represented as O(bd).

• Benders Decomposition: This is an algorithm designed to solve large-
scale mixed-integer optimization problems by breaking them into two
subproblems: a master problem (involving integer variables) and a sub-
problem (often continuous). By solving the subproblem iteratively and
passing information (cuts) back to the master problem, Benders decom-
position reduces the complexity of solving large-scale problems (Rah-
maniani et al. [131]). It is especially useful in applications like network
design and facility location.
The overall complexity is not easily characterized in big-O notation
because it depends on the number of iterations needed, the complexity
of the master and subproblem, and the effectiveness of the cuts.

• Dynamic Programming: This approach breaks a problem into smaller
subproblems and solves them recursively (Hubert et al. [82]). It is used
when a problem has an optimal substructure, where the solution can
be built from solutions to subproblems. Problems like the Knapsack
problem and the Shortest Path problem are commonly solved using dy-
namic programming. However, its applicability is limited to problems
that exhibit optimal substructure and overlapping subproblems.

Remark 1 In addition to general exact algorithms, there are also specific
exact algorithms devised for particular problems. Examples include the Hun-
garian Method (Kuhn [105]) for the assignment problem and Dijkstra’s Algo-
rithm (Javaid [89]) for shortest path problems. These specialized algorithms
are often more efficient and tailored to the unique structure of the problems
they address.

3.5.2 Metaheuristics

Metaheuristics are high-level frameworks designed to provide sufficiently good
solutions to complex optimization problems and explore the solution space
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more thoroughly. It is worth noticing that metaheuristics are problem-
independent, meaning that they can be applied to a wide variety of opti-
mization problems without significant modification. Common metaheuristics
include:

• Simulated Annealing : This method simulates the physical process of
annealing, where a material is slowly cooled to find a low-energy state
(Bertsimas and Tsitsiklis [20]). In optimization, it allows occasional
uphill moves to escape local optima. It is simple and effective for various
problems but may be slow for large search spaces.
Average Time Complexity: O(n · log(n)) to O(n2), depending on the
cooling schedule and the problem.

• Tabu Search: Tabu search enhances local search by maintaining a list
of recently visited solutions (tabu list) to prevent cycling back (Glover
[62]). It is particularly effective for problems with complex solution
landscapes but requires careful management of the tabu list to avoid
excessively restricting the search.
Average Time Complexity: O(n2) to O(n3), depending on the imple-
mentation and neighborhood structure.

• Genetic Algorithms : These are inspired by natural selection and evo-
lution. A population of solutions evolves over generations through se-
lection, crossover, and mutation operators. Genetic algorithms are ver-
satile and can solve complex problems, but their performance depends
heavily on parameter tuning and may converge slowly. See Kramer
[102].
Average Time Complexity: O(g · n · m), where g is the number of
generations, n is the population size, and m is the number of fitness
evaluations per generation.

• Ant Colony Optimization (ACO): Inspired by the behavior of ants find-
ing paths to food, ACO uses a population of agents (ants) to explore the
solution space, depositing pheromones on good solutions (Dorigo et al.
[43]). Over time, more ants follow the paths with higher pheromone
levels. ACO works well for routing and network design problems but
can be slow to converge.
Average Time Complexity: O(m · n2), where m is the number of ants
and n is the number of nodes in the graph.
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3.5.3 Heuristics

Unilike metaheuristics, a heuristic is typically tailored to a specific type of
problem or class of problems. See Sánchez et al. [142] for a systematic review.

Example 3 The Clarke-Wright Savings heuristic (Doyuran and Çatay [44])
is a well-known heuristic for solving the Capacitated Vehicle Routing Problem
(CVRP). This heuristic starts with a solution where each customer is served
by a separate vehicle, then iteratively merges routes to reduce costs based on
the savings obtained from serving two customers with the same route instead
of separate ones.

Example 4 Greedy Randomized Adaptive Search Procedure (GRASP): It is
a multi-start heuristic that combines greedy and randomized approaches. In
the construction phase, a solution is built using a greedy function, but a
randomized element is introduced to explore different regions of the solu-
tion space. In the local search phase, the solution is refined by searching
its neighborhood. GRASP is particularly useful in combinatorial optimiza-
tion problems like graph coloring and network design, where both greedy and
local search approaches can complement each other.

It is essential to acknowledge that the solutions generated by heuristics
can vary in quality, and for some problems, the gap between the heuristic
solution and the optimal solution may be significant.

3.6 Pros and Cons of Classical Solving Algo-
rithms

The application of classical algorithms to real-world combinatorial problems
has several advantages:

• Exact algorithms provide exact solutions, ensuring that the global op-
timum is found, which is critical in scenarios where optimal decisions
have significant implications (e.g., safety, engineering, cost savings,
etc.).

• Unlike exact algorithms, which may become intractable for large prob-
lems, heuristics and metaheuristics can handle large instances effi-
ciently, providing good (if not optimal) solutions in a reasonable amount
of time.
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• Metaheuristics like genetic algorithms and SA are problem-agnostic
and can be applied to a wide range of optimization problems, requiring
minimal problem-specific adjustments.

Nonetheless, they also encompass a wide list of limitations:

• While exact algorithms are effective for small to medium-sized prob-
lems, their computational complexity often grows exponentially with
the problem size, making them impractical for real-world large-scale
problems.

• Heuristics may quickly find feasible solutions, but they offer no guar-
antees about how close the solution is to the optimum. In critical
applications, relying on heuristics can be risky.

• The performance of metaheuristics heavily depends on choosing the
right parameters (e.g., population size in genetic algorithms, cooling
schedule in simulated annealing). Poor tuning can lead to suboptimal
solutions or excessive computation times.

In conclusion, while combinatorial optimization is a powerful tool for
solving complex problems across various domains, it also presents significant
challenges due to its inherent computational difficulty. Traditional exact and
heuristic methods can struggle to deliver optimal solutions within reason-
able time frames, particularly for large-scale instances. This calls for the
exploration of innovative approaches to enhance solution efficiency and ef-
fectiveness. One promising avenue lies in the realm of quantum computing,
which has the potential to revolutionize how we tackle combinatorial prob-
lems. By harnessing the principles of quantum mechanics, we may unlock
new algorithms that can process vast solution spaces more rapidly than clas-
sical counterparts, paving the way for breakthroughs in optimization that
were previously thought to be out of reach.

3.7 Practical Applications: VRP

3.7.1 Literature

The Vehicle Routing Problem (VRP) is an optimization problem that involves
determining the optimal set of routes for a fleet of m vehicles (each with same
capacity) to deliver goods to a given set of n customers.

The objective is to minimize the total distance (or cost) traveled by all
vehicles. The VRP becomes computationally intractable as the number of
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customers (or nodes n) and vehicles (m) increases due to the exponential
growth in the number of possible routes.

Several studies have examined when VRP instances become too large to
solve optimally with exact algorithms. These studies indicate that problem
instances with 50 to 100 customers already challenge exact solvers, while
larger instances typically require heuristic or metaheuristic methods. For ex-
ample, Solomon [149] suggests that exact methods become intractable when
the number of customer nodes reaches around 100. Golden et al. [63] further
indicate that instances with more than 200 customers are generally solved
using heuristics. As the number of customers and vehicles increases, the use
of approximate methods, such as genetic algorithms, tabu search, or simu-
lated annealing, becomes necessary to find approximate solutions within a
reasonable time frame (within minutes to hours).

The computational complexity increases with the number of vehicles (n)
as well. Instances with 5 to 10 vehicles typically require more sophisticated
solvers. The number of vehicles affects the complexity of coordinating mul-
tiple routes. Cordeau et al. [35] note that solving VRP instances with more
than 5 vehicles and around 100 customers becomes intractable for exact meth-
ods, further supporting the shift to heuristic approaches.

In summary, VRP becomes intractable for exact solvers around n = 100
customers and 5 < m < 10 vehicles. For larger instances (n > 200), heuristic
and metaheuristic methods are typically required.

3.7.2 Spindox Approach: A Metaheuristic-based VRP
Solver

To address the challenges of solving large-scale VRP instances, we employ a
custom metaheuristic-based solver. Our approach is designed to handle not
only the classical VRP constraints but also additional practical constraints
often encountered in real-world logistics scenarios. These include:

• Maximum distance between two consecutive stops : the solver enforces
a user-defined maximum allowable distance between two consecutively
visited customers, ensuring routes remain geographically compact.

• Maximum time between two points : besides distance, the solver also
supports time-based constraints, limiting the maximum time a vehicle
can travel between two consecutive stops.

• Visit sequence for priority customers : For certain products (e.g., med-
ical supplies), the solver prioritizes specific customer types (e.g., hos-
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pitals) before allowing visits to other locations, following predefined
sequences.

• Maximum waiting time at locations : if a vehicle arrives before the open-
ing of a customer’s time window, the solver ensures that the maximum
waiting time does not exceed a user-defined threshold, optimizing ve-
hicle schedules and reducing idle time.

• Maximum number of stops per route: the number of stops on each route
is capped, which helps distribute the workload among vehicles evenly
and ensures operational feasibility.

• Other constraints : our approach is flexible and can incorporate addi-
tional constraints such as vehicle capacity, delivery priority, and time
windows.

Thanks to these advanced features, our solution can efficiently handle
instances involving up to 1000 customers and approximately 100 vehicles,
with solving times ranging from minutes to a few hours depending on the
complexity of the instance and constraints.

3.8 Practical Applications: Scheduling Prob-
lems

3.8.1 Literature

A scheduling problem involves the allocation of tasks (referred to as jobs) to
resources (typically referred to as machines) with the aim of optimizing one or
more objectives, such as minimizing completion time or maximizing resource
utilization. These problems arise in numerous industrial sectors, such as
manufacturing, logistics, and computing systems, and represent a significant
challenge for companies seeking to enhance productivity and reduce costs.

The main variants of scheduling problems include:

• Parallel Machine Scheduling Problem (PMSP): in this simplified sce-
nario, all machines are identical, and each job consists of a single task.
The goal is to assign jobs to machines and define their execution order.
Despite its simplicity, this problem becomes NP-hard when there are
at least three machines, making it difficult to solve efficiently.

• Job Shop Scheduling Problem (JSSP): a more complex case where each
job consists of multiple operations, each of which must be executed on
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different machines in a predefined order. This model is representative
of modern factories that produce diverse products, each requiring a
specific workflow.

• Flow Shop Scheduling Problem (FSSP): a variant of JSSP where the
order of operations is the same for all jobs. This type of problem is
common in industries like baking, where the production flow follows
the same path for all products, even if the processing times vary.

• Open Shop Scheduling Problem (OSSP): in this variant, the order of
operations is not fixed, providing more flexibility than JSSP. However,
the absence of a predefined sequence complicates optimal scheduling.

Many of these variants can be further complicated by factors such as
sequence-dependent setup times (Flexible JSSP with sequence-dependent
setup) or machines capable of performing multiple operation types. See
Da Col and Teppan [39].

Most scheduling problems, even in their simplified forms, are NP-hard,
meaning that no efficient algorithm is known to solve them in polynomial
time for large instances. In academic settings, scheduling problems typically
involve between 100 and 2,000 operations, but in real-world industrial ap-
plications, instances can easily exceed 100,000 operations within a planning
horizon, such as a week. Solving such large-scale problems requires a balance
between solution quality and computational time.

Exact methods, such as Mixed-Integer Linear Programming (MILP) and
Branch and Bound, are capable of providing optimal solutions by exhaus-
tively exploring the solution space. However, their computational complex-
ity grows exponentially with the problem size. This limits their practical
applicability to small or medium-sized instances (typically a few hundred
operations at most). For real-world scenarios involving thousands or more
operations, exact methods become infeasible due to excessive computational
time and memory requirements.

To tackle larger instances, heuristic and metaheuristic methods are often
employed. Techniques like Genetic Algorithms (GA), Simulated Annealing
(SA), and Tabu Search offer near-optimal solutions by exploring the solution
space more efficiently than exact methods. These methods do not guarantee
finding the global optimum but can handle much larger problem sizes (up to
tens or hundreds of thousands of operations).

Their limitations, however, lie in the quality of the solutions, which may
vary depending on the problem structure and the specific parameters used
in the algorithm. Additionally, while heuristics can provide good solutions
in a reasonable time, they often require significant fine-tuning and may not
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perform equally well across different types of scheduling problems. Moreover,
they may still struggle with capturing specific constraints relevant to real-
world industrial systems, such as setup times or machine-specific processing
restrictions.

In summary, while exact methods offer precision at the cost of scalability,
heuristic approaches provide scalability at the expense of optimality and
sometimes solution consistency. For industrial-scale scheduling problems, the
choice of method often involves a trade-off between computational feasibility
and solution quality.

3.8.2 Spindox Approach: A Multi-Resource Flexible Job-
Shop Scheduling problem with Non-Linear Rout-
ing and Sequence-Dependent Setup Times

To bridge the gap between the problems studied in academic literature and
large-scale practical applications, we have developed a scheduling variant
that incorporates all the challenges faced by our customers.

The Multi-Resource Flexible Job-Shop Scheduling problem with Non-Linear
Routing and Sequence-Dependent Setup Times aims to include the following
complex real-world features:

• Multi-Resource – Each task (or operation) of a job may require more
than one resource (or machine) to be completed;

• Flexibility – More than one resource (machine) can perform the same
task;

• Skill Factors – Resources have different processing times for tasks (e.g.,
to model seniority or expertise levels);

• Resource Availability – Resources are subject to availability constraints,
such as maintenance, shifts, or operational downtimes;

• Resource Priority – When multiple resources are eligible for a task, the
one with higher priority is chosen;

• Release and Due Dates – Jobs must be processed within a specified
time window;

• Job Priority – Higher-priority jobs should be scheduled before lower-
priority jobs;
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• Non-Linear Routing – The sequence of tasks within a job may follow a
non-linear structure (e.g., parallel sequences that eventually converge
or logistic flows separate from the main production line);

• Sequence-Dependent Setup Times – Machines incur a waiting period
when switching between tasks from different jobs, modeling setup or
cleaning times.

The approach we’ve chosen is heuristic and based on constraint program-
ming, allowing us to strike an optimal balance between performance, solution
quality, and the method’s expressiveness and scalability.

Considering the average case study of a customer, this method can tackle
problems with hundreds of jobs and hundreds of machines, providing a good-
quality solution with a wall time ranging from minutes to hours, depending
on the active features and their correlations.
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Chapter 4

State of the Art: Machine
Learning Algorithms

Machine Learning (ML) is a subset of artificial intelligence that focuses on
the development of algorithms that allow computers to learn from and make
predictions or decisions based on data. See Goodfellow et al. [65]. In ML
the general goal is to learn a model from a system with known inputs, and
sometimes outputs, so that the model can predict or enhance understanding
of the underlying data. In the most general case, there are two types of
machine learning algorithms1: supervised and unsupervised.

In the unsupervised case, only the inputs to a system are known and the
goal is generally to better describe the data itself. In the supervised case,
both the inputs and outputs of the system are known, and the goal is to
accurately predict the systems outputs given the inputs.

4.1 Supervised Learning
Supervised learning is a type of machine learning where the algorithm learns
from labeled data (Vapnik [158]). Given a training set T of N example
input-output pairs:

T = (x1, y1), (x2, y2), . . . , (xn, yn) (4.1)

where each input xi is associated with a corresponding target output yi.
The goal is to find a hypothesis function h(x) that best approximates the

1In addition to supervised and unsupervised learning, there are also other specialized
paradigms such as reinforcement learning, semi-supervised learning, and self-supervised
learning, which address more specific tasks or scenarios.
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unknown true function f(x), which generated the data. The relationship
between input and output is often modeled as:

yi = h(xi) + ϵi (4.2)

where ϵi is the error term for each observation i, assumed to be independently
and identically distributed with a mean of zero (Bishop [21]). Supervised
learning problems are broadly divided into regression and classification:

Regression In a regression task, the target output y is a continuous variable.
The objective of the algorithm is to predict values within a continuous
range, such as predicting house prices, temperature, or stock prices. In
this case, the hypothesis function h(x) is designed to predict numerical
values that approximate the actual output.

Classification In a classification task, the target output y is a discrete la-
bel, often representing distinct classes or categories. The goal is to
assign each input x to one of the predefined classes, such as classifying
emails as spam or not spam, or identifying types of animals in images.
The hypothesis function h(x) outputs a probability or a class label,
representing the predicted category for each input.

By distinguishing between regression and classification, supervised learning
algorithms can be tailored to the type of output variable, allowing for effective
solutions across diverse applications.

4.1.1 Regression Methods

The goal is to identify a hypothesis function h(x) able to predict a continuous
output variable, y. The objective is typically expressed as minimizing a loss
function, often the Mean Squared Error (MSE, see Wallach and Goffinet
[159]):

MSE =
1

N

N∑
i=1

(yi − h(xi))
2. (4.3)

The choice of h(x) varies depending on the type of regression method, as
described below.

Linear Regression

The most basic form of regression is linear regression (Maulud and Abdu-
lazeez [116]), where the relationship between the input features x and the
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output y is modeled by a linear equation:

h(x) = θ0 +

p∑
j=1

θjxj = x⊤θ (4.4)

where x = [1, x1, x2, . . . , xp]
⊤ (including an intercept term), and

θ = [θ0, θ1, θ2, . . . , θp]
⊤ represents the vector of model parameters. The goal

of linear regression is to find the parameters θ that minimize the MSE over
all examples.

Cost function: J(θ) =
m∑
i=1

(yi − h(xi))
2. (4.5)

The optimal parameters θ in linear regression can be obtained by solving the
normal equation:

θ = (X⊤X)−1X⊤y (4.6)

where X is the matrix of input features and y is the vector of target val-
ues. This closed-form solution is computationally efficient for small datasets
but can become computationally intensive with high-dimensional or large
datasets due to matrix inversion.

Polynomial Regression

Polynomial regression Roziqin et al. [138] extend linear regression by in-
troducing non-linear relationships between input features and output vari-
ables through polynomial terms. Although polynomial regression remains
linear in the parameters, it models complex patterns by fitting a polynomial
of degree d to the data:

h(x) = θ0 + θ1x+ θ2x
2 + . . .+ θdx

d. (4.7)

In vector notation, the input x is transformed into a feature vector that
includes polynomial terms, and the hypothesis function becomes:

h(x) =
d∑

j=0

θjx
j = ϕ(x)⊤θ (4.8)

where ϕ(x) = [1, x, x2, . . . , xd]⊤ is the vector of transformed features. Poly-
nomial regression is useful when the data exhibits non-linear relationships,
but choosing an appropriate degree d is essential to avoid overfitting (fitting
too closely to the training data) or underfitting (failing to capture the true
pattern).
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Logistic Regression (for Classification)

Although logistic regression (Stoltzfus [151]) is a classification technique,
it is often discussed in the context of regression because it models the prob-
ability (which is a continuous value) of class membership as a function of
the input features. Logistic regression uses a sigmoid (or logistic) function
to map the linear combination of inputs to a probability between 0 and 1.
For binary classification, the hypothesis function, which correspond to the
probability that an istance x belong to the positive class, is:

h(x) = σ(x⊤θ) =
1

1 + e−x⊤θ
= P (y = 1|x). (4.9)

The decision boundary is defined by choosing a threshold (commonly 0.5),
such that:

ŷ =

{
1 if P (y = 1|X) ≥ 0.5

0 if P (y = 1|X) < 0.5.
(4.10)

The objective of training is to find the parameters set, θ, so that the model
estimates high probabilities for positive instances (y = 1) and low probabili-
ties for negative instances (y = 0). This idea is pictured by the so called log
loss (or binary cross-entropy loss) cost function:

Log Loss = − 1

N

N∑
i=1

(yi log(h(xi)) + (1− yi) log(1− h(xi))) . (4.11)

Unlike linear regression, logistic regression lacks a closed-form solution due to
the non-linear nature of the sigmoid function. However, it retains linearity in
the model parameters, and the convexity of the log-loss cost function allows
for the use of convex optimization techniques to find the optimal parameters.
For multi-class classification, extensions like softmax regression are used,
where the output is the probability distribution over multiple classes.

Optimization Methods for Regression Models

To train these regression models, a variety of optimization methods can be
used, particularly when the closed-form solution (normal equation) is not
feasible or the dataset is too large. Below are common techniques:

1. Gradient Descent: An iterative algorithm that adjusts model pa-
rameters by moving in the direction that minimizes the cost function.
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• Batch Gradient Descent: Computes the gradient over the en-
tire dataset. This approach is computationally intensive but pro-
vides stable convergence as showed in Tschöpe [155].

• Stochastic Gradient Descent (SGD): Computes the gradi-
ent based on a single training example per iteration, which intro-
duces noise in parameter updates but speeds up convergence, see
Tschöpe [155].

• Mini-Batch Gradient Descent: Computes the gradient over a
small batch of training examples, balancing the stability of batch
gradient descent with the speed of SGD, see Khirirat et al. [98].

2. Singular Value Decomposition (SVD): For models sensitive to
multicollinearity (such as polynomial regression), SVD can provide a
stable solution by decomposing the matrix X into singular values, al-
lowing for effective parameter estimation even when X is near-singular
(Mandel [115]).

These optimization methods allow regression models to efficiently learn from
data, even in high-dimensional or large-scale scenarios.

4.1.2 Neural Network (NN)

Neural networks are highly flexible models capable of performing both re-
gression and classification tasks by layering multiple neurons. The idea of
NN is inspired by biological models, such as the brain, in which signals are
processed by individual neurons connected to thousands of other neurons.
The perceptron, developed by Rosenblatt [137], was the first artificial neural
network. Until today versions of this building block, referred to as artificial
neurons, are used for NN architectures. Such a neuron functions similarly to
the hypothesis functions described for regression. It takes n inputs x1, ·, xn
and has a single binary output y, also called activation as depicted in Figure
4.1. Every input has an assigned weight wi ∈ R. Additionally, the neuron is
equipped with a bias b ∈ R. The neuron’s output is computed through:

y = g(z) where z =
∑
i

wixi + b (4.12)

where g(x) is called activation function. The output will then depend on the
choice of this activation function; see Goodfellow et al. [65].

A neural network is organized into layers of interconnected neurons, where
each layer serves a specific purpose in processing the input data. These lay-
ers are the backbone of a neural network’s architecture, enabling it to model
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Figure 4.1: Artificial neuron. The building block of NNs.

complex relationships. A neural network with a single linear layer can ap-
proximate linear regression, while deeper networks with non-linear activa-
tion functions (e.g., sigmoid or ReLU) can model polynomial and logistic
regression characteristics, allowing it to handle both linear and non-linear
relationships.

The network is typically divided into three main types of layers:

• Input layer: This is the first layer of the network, where raw input
data is fed into the model. Each neuron in the input layer represents
a feature of the input data (e.g., pixels in an image or attributes in a
dataset).

• Hidden layers: These are intermediate layers between the input and
output layers, where most of the computation happens. Each neuron in
a hidden layer takes inputs from all neurons in the previous layer. The
inputs are combined using weights and biases as described above. The
connections between neurons are weighted, meaning the importance of
each connection is learned during training. A network can have multiple
hidden layers, allowing it to model increasingly complex relationships
in the data.

• Output layer: This is the final layer of the network, which produces
the output. The number of neurons in this layer depends on the task:

– For regression, it typically has a single neuron with a linear ac-
tivation function to output a continuous value.

– For classification, it has one neuron per class, often with a soft-
max activation function to produce class probabilities.

The mathematical formulation of a neural network is based on a sequence
of computations across layers, with each layer transforming the input data to
extract features and ultimately produce a prediction. A neural network can
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Figure 4.2: A neural network with three hidden layers.

be thought of as a function f(x; θ) where x is the input data and θ represents
the trainable parameters (weights W and biases b).

The simplest NN architecture is the feed-forward neural networks, see
Bebis and Georgiopoulos [16]. Here the neurons get the output of previous
layers neurons as an input, and no loops are built-in. Furthermore, such
NNs are often built of fully connected layers, i.e., layers where all the inputs
from one layer are connected to every neuron of the next layer. See Figure
4.2. The working of a feedforward neural network involves two phases: the
feedforward phase and the backpropagation phase.

Feedforward Phase In this phase, the input data is fed into the network,
and it propagates forward through the layers. At each hidden layer, l, each
neuron receives inputs h(l−1) (outputs of the previous layer or the raw input
for the first layer, h(0) = x) and computes a weighted sum of its inputs, W (l),
plus a bias term, b(l):

z(l) = W (l)h(l−1) + b(l) (4.13)

The weighted sum z(l) is then passed through an activation function g(·) to
introduce non-linearity:

h(l) = g(z(l)) (4.14)

This step is crucial because it enables the network to model non-linear rela-
tionships in the data. Without activation functions, the network would be
equivalent to a single-layer linear model, regardless of the number of layers
(Hastie et al. [74]). Common activation functions include:

• ReLU: g(z) = max(0, z)
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• Sigmoid: g(z) = 1
1+e−z

• Tanh: g(z) = ez−e−z

ez+e−z

This process continues until the output layer is reached, and a prediction is
made. The specific design of the output layer depends on the type of task:

• Regression: The output is continuous, often with no activation or a
linear activation g(z) = z.

• Classification: The output is discrete, typically using Sigmoid acti-
vation for binary classification (output between 0 and 1) and Softmax
activation for multiclass classification (output probabilities for each
class).

The complete network function f(x; θ) is a composition of the functions of
each layers l = (1, 2, . . . , L− 1, L):

f(x; θ) = g(L)
(
W (L)g(L−1)

(
. . . g(1)

(
W (1)x+ b(1)

)
. . .
)
+ b(L)

)
. (4.15)

The weights W (l) and biases b(l) are learned during training, allowing the
network to adapt to the data.

Backpropagation Phase Once a prediction is made in the output layer,
the error is calculated by comparing the predicted outputs with the true la-
bels using a chosen loss function. Common loss functions for neural networks
include:

• Mean Squared Error (MSE) for regression:

1

N

N∑
i=1

(yi − h(L)(xi))
2. (4.16)

• Binary Cross-Entropy Loss for binary classification:

− 1

N

N∑
i=1

[
yi log(h

(L)(xi)) + (1− yi) log(1− h(L)(xi))
]
. (4.17)

• Categorical Cross-Entropy Loss for multiclass classification:

− 1

N

N∑
i=1

K∑
j=1

yij log(h
(L)
j (xi)). (4.18)
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where h(L) is the prediction come out from the output layer.
Training a neural network involves adjusting the weights W (l) and biases

b(l) across all layers to minimize the loss function. This is typically done
through backpropagation (Rumelhart et al. [139]). This algorithm com-
putes the gradient of the loss function with respect to each parameter in the
network, layer by layer, starting from the output layer and moving backward
to the input layer. Once the gradients are computed, gradient descent (or
its variants like stochastic and mini-batch gradient descent) is used to update
the parameters in the direction that reduces the loss:

W (l) = W (l) − η
∂J

∂W (l)
(4.19)

b(l) = b(l) − η
∂J

∂b(l)
(4.20)

where η is the learning rate, and J is the loss function.
The process is repeated for all training examples in the dataset (or a mini-

batch if using mini-batch gradient descent). After processing all training
examples, this constitutes one epoch. Training typically involves multiple
epochs.

Neural networks provide a versatile framework for both regression and
classification, capable of scaling from simple models with a few layers to
highly complex architectures, such as deep neural networks with many
hidden layers. The depth and non-linearity enable neural networks to perform
well in a wide variety of real-world applications, from predicting continuous
values to assigning probabilities to multiple classes.

4.1.3 Support Vector Machines (SVMs)

Support Vector Machines (SVMs), developed in the 1990s by Vapnik et al.
[157], are versatile machine learning models primarily used for classification
but also capable of handling regression and outlier detection. SVMs excel in
classifying complex, small- to medium-sized datasets by identifying an opti-
mal hyperplane that maximizes the margin between classes. This hyperplane,
determined by support vectors (the data points closest to the boundary), pro-
vides a robust decision boundary, allowing SVMs to generalize effectively on
new data.

When the data is linearly separable, the SVM finds a straightforward
hyperplane in the input feature space. For non-linear data, SVMs apply
the kernel trick, mapping data into a higher-dimensional space to enable
separation. Common kernel functions include linear, polynomial, radial basis
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function (RBF), and sigmoid kernels, with the choice depending on the data
characteristics and specific application.

Although SVMs can handle regression, they are most effective in classifi-
cation tasks, finding the optimal hyperplane across an N-dimensional feature
space to separate classes. The dimension of this hyperplane aligns with the
number of features, making SVMs flexible across varied datasets and dimen-
sionalities.

Linear SVM

In linear SVMs, designed for linearly separable data, the algorithm identifies
a hyperplane that divides classes without transforming the data. This hyper-
plane maximizes the distance between classes, with support vectors forming
the edges.

For binary classification, given training data points (xi, yi) where yi ∈
{−1, 1}, the hyperplane is defined by:

w⊤x+ b = 0 (4.21)

where w is the weight vector normal to the hyperplane, b is the bias and b
∥w∥

is the perpendicular distance from the hyperplane to the origin.

Figure 4.3: Hyperplane through two linearly separable classes

The goal is to maximize the margin, which is the distance between the
hyperplane and the closest data points (support vectors):

Support Vectors are the examples closest to the separating hyperplane
and the aim of SVM is to orientate this hyperplane in such a way as to be as
far as possible from the closest members of both classes. This is equivalent
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to selecting the variables w and b so that the training data can be described
by:

w⊤xi + b ≥ +1 for yi = +1 (4.22)

w⊤xi + b ≤ −1 for yi = −1. (4.23)

These equations can be combined into:

yi(w
⊤xi + b) ≥ 1 ∀i. (4.24)

If we now just consider the points that lie closest to the separating hyper-
plane, i.e., the Support Vectors, then the two planes H1 and H2 that these
points lie on can be described by:

w⊤xi + b = +1 for H1 (4.25)

w⊤xi + b = −1 for H2. (4.26)

Referring to Figure 4.3, we define d1 as being the distance from H1 to the
hyperplane and d2 from H2 to it. The hyperplane’s equidistance from H1

and H2 means that d1 = d2− a quantity known as the SVM’s margin. In
order to orientate the hyperplane to be as far from the Support Vectors as
possible, we need to maximize this margin. Simple vector geometry shows
that the margin is equal to 1

∥w∥ and maximizing it subject to the constraint
in 4.24 is equivalent to finding:

Minimize ∥w∥ such that yi(w
⊤xi + b)− 1 ≥ 0 ∀i. (4.27)

Minimizing ∥w∥ is equivalent to minimizing 1
2
∥w∥2 and the use of this term

makes it possible to perform Quadratic Programming (QP) optimization. We
therefore need to find:

Minimize
1

2
∥w∥2 such that yi(w

⊤xi + b)− 1 ≥ 0 ∀i. (4.28)

In order to extend the SVM methodology to handle data that is not fully
linearly separable, the constraints in equations 4.22 and 4.23 are slightly
relaxed to allow for misclassified points (Cortes and Vapnik [37]). This is
achieved by introducing a positive slack variable ξi, i = 1, . . . , L:

w⊤xi + b ≥ +1− ξi for yi = +1 (4.29)

w⊤xi + b ≤ −1 + ξi for yi = −1 (4.30)

ξi ≥ 0 ∀i. (4.31)
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Figure 4.4: Hyperplane through two not fully linearly separable classes

Which can be combined into:

yi(w
⊤xi + b)− 1 + ξi ≥ 0 ∀i. (4.32)

In this soft margin SVM, data points on the incorrect side of the margin
boundary have a penalty that increases with the distance from it. As we are
trying to reduce the number of misclassifications, a sensible way to adapt our
objective function 4.28 from previously, is to find:

Minimize
1

2
∥w∥2+C

L∑
i=1

ξi such that yi(w
⊤xi+b)−1+ξi ≥ 0 ∀i. (4.33)

Where the parameter C controls the trade-off between the slack variable
penalty and the size of the margin.

Non-linear SVM

When the data is not linearly separable in its original space, we can map it
to a higher-dimensional space where it might become linearly separable. Let
ϕ : Rn → Rd be a feature mapping function that transforms the input vector
x into a higher-dimensional space:

x → ϕ(x). (4.34)

Now, in the transformed space, the decision function becomes:

f(x) = w · ϕ(x) + b. (4.35)
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Directly computing ϕ(x) and then finding the separating hyperplane in the
high-dimensional space can be computationally expensive, especially if the
transformation increases the dimensionality significantly. For example, map-
ping a 2D dataset to a 1000-dimensional space would result in large compu-
tational costs.
The kernel trick provides a solution by allowing us to compute inner prod-
ucts in the transformed space without explicitly computing ϕ(x). Instead
of directly mapping xi and xj to ϕ(xi) and ϕ(xj), we use a kernel func-
tion k(xi,xj) that computes the inner product of these transformed vectors
(Schölkopf et al. [144]):

k(xi,xj) = ϕ(xi) · ϕ(xj). (4.36)

By using this kernel function, we can work in the high-dimensional feature
space implicitly, avoiding the explicit computation of ϕ(x). This allows us
to use complex transformations without the computational cost of directly
handling high-dimensional vectors.

Different kernel functions are used to implicitly map data into higher-
dimensional spaces. Some popular kernel functions are:

• Linear Kernel: For cases where the data is already linearly separable.

k(xi,xj) = xi · xj. (4.37)

• Polynomial Kernel: Useful for polynomial decision boundaries.

k(xi,xj) = (xi · xj + c)d (4.38)

where c is a constant and d is the degree of the polynomial.

• Radial Basis Function (RBF) or Gaussian Kernel: Widely used
for non-linear classification.

k(xi,xj) = exp(−γ∥xi − xj∥2) (4.39)

where γ is a parameter that defines the spread of the kernel.

• Sigmoid Kernel: Often used in neural networks.

k(xi,xj) = tanh(αxi · xj + c) (4.40)

where α and c are kernel parameters.
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Figure 4.5: Dichotomous data re-mapped using Radial Basis Kernel

Using the kernel trick, the optimization problem for SVMs can be expressed
in terms of the kernel function. The objective function for training a nonlin-
ear SVM becomes:

min
α

1

2

n∑
i=1

n∑
j=1

αiαjyiyjk(xi,xj)−
n∑

i=1

αi (4.41)

subject to:
n∑

i=1

αiyi = 0, 0 ≤ αi ≤ C (4.42)

where:

• αi are the Lagrange multipliers,

• yi are the class labels (±1),

• C is the regularization parameter that controls the trade-off between
maximizing the margin and minimizing classification error.

The dual formulation of the SVM problem allows us to solve it by calcu-
lating k(xi,xj) for pairs of training points, using the kernel function to im-
plicitly work in the higher-dimensional space without explicitly transforming
the data.

Once the SVM is trained, the decision function for a new input x is given
by:

f(x) =
n∑

i=1

αiyik(xi,x) + b (4.43)
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where only the support vectors (i.e., the points for which αi > 0) contribute
to the sum. This allows SVMs to make predictions by evaluating the ker-
nel function between the new input and the support vectors, again without
needing to compute ϕ(x) directly.

4.1.4 Other Supervised Learning Models

In addition, several other supervised learning methods are worth mentioning.

Decision Trees They are structured models that make predictions by re-
cursively splitting the feature space based on feature values. The goal
of each split is to partition the data into subsets that are as homo-
geneous as possible with respect to the target variable. In a Decision
Tree, each internal node represents a test on a feature, and each branch
corresponds to the outcome of that test. At each step, the algorithm
evaluates all possible splits and selects the one that minimizes a specific
impurity measure. For classification, common measures include Gini
impurity and entropy, while for regression, the MSE or Mean Absolute
Error (MAE) is typically used. Decision trees are easy to interpret and
visualize, as each path from the root to a leaf represents a rule that
can be directly understood by humans. They also handle both nu-
merical and categorical data and require minimal data preprocessing.
However, they tend to overfit the training data, especially when they
become deep with many splits, and can be highly sensitive to small
changes in data. Pruning techniques can be applied to limit tree depth
and reduce overfitting, although this may reduce interpretability. See
Gordon et al. [66].

K-Nearest Neighbors (KNN) It is a lazy learner, meaning it doesn’t con-
struct an explicit model during training. Instead, it stores the training
instances and makes predictions based on the closest K training sam-
ples (neighbors) to a given input. A distance metric, such as Euclidean
or Manhattan distance, is used to measure proximity. For classifica-
tion, KNN assigns the majority class label among neighbors, and for
regression, it averages the neighbors’ output values. KNN is simple to
implement, requires no training time, and can capture complex decision
boundaries with enough neighbors. It is also highly flexible, as it can
be adapted for both classification and regression. However, it becomes
computationally expensive as the dataset size grows because it has to
compute the distance to all training points for each prediction. It’s
also sensitive to irrelevant features and data scaling; normalization or

43



feature selection can help improve performance. See Cover and Hart
[38].

Naive Bayes It is a probabilistic classifier based on Bayes’ theorem,
which calculates the probability of each class given an input. The
“naive” part of Naive Bayes assumes that all features are condition-
ally independent given the class label, simplifying computation by es-
timating individual feature probabilities. There are different variants
depending on data type: Gaussian Naive Bayes for continuous data,
Multinomial Naive Bayes for count data (e.g., word frequencies), and
Bernoulli Naive Bayes for binary data. it is computationally efficient,
especially with high-dimensional data, and performs well in text clas-
sification tasks despite the independence assumption. It can handle
large datasets with many features, making it particularly suitable for
document and spam classification. However, the strong independence
assumption can lead to suboptimal performance if features are highly
correlated. Naive Bayes often still achieves reasonable accuracy due to
its robustness in many cases. See Zhang [172].

Ensemble Methods Like Random Forests and Gradient Boosting, they
combine multiple models to achieve higher accuracy and robustness
than individual models. Random Forests reduce overfitting by aggre-
gating predictions from multiple decision trees, while Gradient Boost-
ing sequentially builds trees to correct the errors of previous trees.
These methods are highly effective in real-world applications and are
commonly used in predictive analytics and competition-grade model-
ing. See Breiman [25], Friedman [55]

4.2 Unsupervised Learning
Unsupervised learning is a branch of ML that involves training models on
data without labeled outputs (Naeem et al. [122]). The primary objective is
to uncover hidden structures, patterns, and relationships in the data. Unlike
supervised learning, where training data includes input-output pairs, unsu-
pervised learning focuses on analyzing data where the outcomes are unknown.
Two key areas within unsupervised learning are clustering and dimensionality
reduction.

Clustering It is a technique used to group similar data points together into
clusters, allowing for the discovery of inherent groupings within the
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data (Rodriguez et al. [135]). This can be useful in various applica-
tions such as market segmentation, anomaly detection, and pattern
recognition. One of the most widely used methods for clustering is K-
means, which partitions data into distinct groups based on similarities
among the data points.

Dimensionality Reduction It refers to methods that reduce the number
of features (or variables) in a dataset while preserving as much infor-
mation as possible (Mladenić [118]). This helps to simplify the anal-
ysis and visualization of complex, high-dimensional data. A key tech-
nique for dimensionality reduction is Principal Component Analy-
sis (PCA), which transforms data into a smaller number of uncorrelated
components that capture the maximum variance of the original data,
facilitating easier visualization and interpretation.

4.2.1 K-means Clustering

K-means clustering is a widely used algorithm for partitioning data into a
predefined number of clusters. It falls under the category of centroid-based
clustering, where each cluster is represented by the centroid (mean) of the
data points within it (Chong [34]). The algorithm aims to minimize the
variance within each cluster by iteratively assigning data points to clusters
based on their distance from the centroid and recalculating the centroids.

Let the dataset X = {x1, x2, . . . , xn} contain n data points, and let each
point be assigned to one of K clusters {C1, C2, . . . , CK}. The algorithm aims
to minimize the within-cluster variance.

Algorithm Steps

1. Initialization: Choose K initial centroids µ1, µ2, . . . , µK (randomly or
using a heuristic like K-means++).

2. Assignment : Assign each point xi to the cluster with the nearest cen-
troid µj, based on the Euclidean distance:

Ci = {xj : ∥xj − µi∥2 ≤ ∥xj − µk∥2,∀k = 1, . . . , K}.

3. Update: Update the centroids of the clusters by calculating the mean
of all points assigned to each cluster:

µi =
1

|Ci|
∑
x∈Ci

x.
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4. Repeat steps 2 and 3 until convergence (when assignments no longer
change).

The K-means algorithm minimizes the within-cluster sum of squares (WCSS),
defined as:

min
{Cj}

K∑
i=1

∑
x∈Ci

∥x− µi∥2

where ∥ · ∥ denotes the Euclidean distance.

4.2.2 Principal Component Analysis (PCA)

Principal Component Analysis (PCA) is a dimensionality reduction technique
commonly used in unsupervised learning. PCA aims to reduce the number
of variables in a dataset while retaining as much variance (information) as
possible. It achieves this by transforming the original features into new,
orthogonal features known as principal components. See Jolliffe and Cadima
[93].

Given the dataset X ∈ Rn×d, where n is the number of samples and d
is the number of features, PCA seeks to transform the data into a lower-
dimensional space while preserving the maximum variance.

Algorithm Steps :

1. Center the data by subtracting the mean from each feature:

Xcentered = X − mean(X).

2. Compute the covariance matrix of the centered data:

Σ =
1

n
X⊤

centeredXcentered.

3. Eigen decomposition: Solve for the eigenvalues λi and eigenvectors vi
of the covariance matrix Σ:

Σvi = λivi.

4. Project data onto the top k eigenvectors with the highest eigenvalues:

Xnew = XcenteredVk

where Vk is the matrix of the top k eigenvectors.
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4.3 Limitations of ML Algorithms
Classical machine learning models face limitations in computational com-
plexity. These limitations become particularly pronounced when scaling to
large, high-dimensional datasets or in applications requiring rapid, real-time
processing.

For instance, training linear regression models using the normal equa-
tion (see 4.6) requires computing the inverse of X⊤X, a (d + 1) × (d + 1)
matrix (where d is the number of parameters). The complexity of inverting
this matrix is typically between O(d2.4) and O(d3), depending on the imple-
mentation (Bishop [21]). Similarly, the SVD approach has a time complexity
of approximately O(d2). Both methods become computationally demanding
when the number of features grows large. However, both are linear with re-
spect to the number of instances, n, in the training set (i.e., O(n)), making
them efficient for large training sets—provided they fit in memory. Gra-
dient descent methods, in contrast, avoid matrix inversion by iteratively
updating parameters and are less sensitive to feature dimensionality (J and
Bhandari [85]). Techniques like SGD and mini-batch, combined with par-
allel processing, allow gradient descent to handle millions of samples and tens
of thousands of features.

SVM with kernel methods algorithms are also computationally intensive.
Training requires solving a quadratic optimization problem, scaling roughly
as O(n2) to O(n3) with respect to the number of samples, n (Burges [26]).
This scaling makes SVMs impractical for datasets with n ≥ 104 samples due
to their quadratic and cubic complexity.

Extending classical ML to include neural networks and deep learning fur-
ther expands model capabilities but also increases computational demands.
These models often involve complex architectures, with deep learning lay-
ers containing millions of neurons. Training deep learning models involves
optimizing millions (or even billions) of parameters, with time complexity
depending on factors such as the number of layers L, neurons per layer h,
epochs E, parameters d, and samples n. For a single-layer fully connected
neural network, complexity is approximately O(n · E · h2 · d). For deep net-
works, this scales further, growing to O(n · E · L · h2 · d). With increased
depth and width, training can become prohibitively time-consuming, even
with advanced hardware. See Goodfellow et al. [65].

Inference in classical ML models is typically more efficient than train-
ing, though real-time applications can still pose challenges. For instance,
the k-nearest neighbors (k-NN) algorithm has high inference costs for large
datasets, as it requires storing the entire training set and calculating distances
for every query, scaling poorly with data size and dimensionality (Cover and
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Hart [38]). The complexity, O(n · d), makes k-NN inefficient as d increases;
in high-dimensional spaces (e.g., d = 104), each distance computation is
computationally expensive. Likewise, large neural networks add inference
complexity; for example, Convolutional Neural Networks (CNNs) used in
high-resolution image recognition can struggle with latency in real-time ap-
plications due to computational demands. See He et al. [77].

Other algorithms also demonstrate similar computational concerns. The
k-means algorithm has a time complexity of approximately O(n · k · i · d),
where i is the number of iterations and k is the number of clusters. This com-
plexity grows as n, d, or k increases, particularly if k is large or convergence
is slow. Additionally, multiple random initializations are often necessary to
avoid suboptimal clustering. See Arthur and Vassilvitskii [12]. PCA requires
calculating the covariance matrix and performing an eigenvalue decomposi-
tion, yielding a time complexity of O(d2 · n + d3), where d is the number
of features and n is the number of samples. The eigenvalue decomposition
(O(d3)) makes PCA computationally challenging for high-dimensional data,
though techniques like randomized PCA can improve efficiency on very large
datasets. See Jolliffe [92].

These computational challenges highlight the need for more efficient so-
lutions capable of managing the vast data sizes and high-dimensional fea-
ture spaces that characterize modern machine learning tasks. QML offers a
promising alternative to classical approaches by leveraging the unique prop-
erties of quantum computing, such as superposition and entanglement, to
perform certain calculations more efficiently than classical systems. Unlike
traditional methods, QML has the potential to exponentially speed up tasks
like matrix inversion, optimization, and large-scale data processing, which
are crucial in machine learning. This advantage could allow QML to handle
problems that would be infeasible for classical models, opening new possibil-
ities for scalable and rapid analysis in applications where classical methods
are computationally prohibitive. Although still in development, quantum
machine learning represents a powerful emerging tool, potentially enabling
breakthroughs across data-intensive fields.
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Chapter 5

State of the Art: Quantum
Algorithms

5.1 Fundamentals of Quantum Information
Quantum computing represents a revolutionary shift in the way we approach
computation and problem-solving. While classical computers operate on bits,
the basic units of information that take on binary states of 0 or 1, quantum
computers utilize quantum bits or qubits. Unlike classical bits, qubits can
exist in multiple states simultaneously, thanks to the principles of quantum
mechanics. By harnessing these unique properties, quantum computers have
the potential to solve certain types of problems far faster and more efficiently
than classical computers could ever achieve.

At the heart of quantum computing is the idea of using quantum states
to perform complex calculations. In classical computing, information is pro-
cessed through a series of logical gates that manipulate binary bits. How-
ever, in quantum computing, information is processed through quantum gates
that act on qubits. Quantum gates are different from their classical counter-
parts: they use quantum mechanics to enable superposition, entanglement,
and interference—three core properties that give quantum computers their
distinctive power.

The appeal of quantum computing lies in its potential to tackle challenges
that are currently impractical for classical machines. Problems like prime fac-
torization, complex optimization, and molecular modeling require enormous
computational resources on classical computers. With quantum computing,
however, these problems could be approached more feasibly, as qubits enable
new computational pathways that dramatically reduce the time required for
solutions.
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First, we will present some foundational concepts of quantum mechanics,
followed by a discussion of their specific applications in the field of quantum
computing

5.1.1 Core Concepts of Quantum Mechanics

Quantum State

A quantum state is the complete mathematical description of a quantum
system, containing all the information necessary to predict the probabilities
of outcomes for any measurement performed on the system. Quantum states
represent the physical properties of a system and are typically described
by vectors in an abstract complex vector space. Quantum states can exhibit
unique properties, such as superposition and entanglement, which distinguish
them from classical states.

Hilbert Space

The Hilbert space is the mathematical structure in which quantum states re-
side. It is a complex vector space equipped with an inner product that allows
for the computation of probabilities and expectations. Each state in a Hilbert
space is represented by a vector, and quantum operations are represented by
transformations (unitary operators) acting on this space. The dimensionality
of the Hilbert space depends on the system: for a single particle, the Hilbert
space may be finite-dimensional, while for systems with continuous variables,
such as position and momentum, the space can be infinite-dimensional.

Basis States

Basis states are a set of reference states in Hilbert space that form an or-
thonormal basis, meaning any quantum state in the space can be repre-
sented as a linear combination (or superposition, see below) of these basis
states. The coefficients in this combination represent the probability am-
plitudes, which determine the probabilities of measuring the system in each
basis state. In a finite-dimensional Hilbert space, the basis states are often
chosen as the eigenstates of a particular observable, such as energy or spin,
and each measurement collapses the quantum state into one of these basis
states.
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Mathematical Representation of Quantum States

Dirac Notation Quantum states are often represented in Dirac notation,
where |ψ⟩ represents a column vector known as a ket, and ⟨ψ| represents
its conjugate transpose, known as a bra. For example, a single-qubit state
|ψ⟩ = α|0⟩+ β|1⟩ can be represented as:

|ψ⟩ =
(
α
β

)
. (5.1)

Operators Quantum gates are represented as operators (matrices) that act
on state vectors (see below). For instance, the Pauli-X gate1 is represented
by the matrix:

X =

(
0 1
1 0

)
. (5.2)

Applying X to a qubit in state |0⟩ results in X|0⟩ = |1⟩.

State Vector

In quantum mechanics, the state vector is a mathematical representation of
a quantum system in a pure state (see below). It is a vector in a complex
Hilbert space, describing the complete information about the quantum sys-
tem. For a system with basis states |ϕi⟩, the state vector |ψ⟩ can be expressed
as:

|ψ⟩ =
∑
i

ci|ϕi⟩,

where ci are complex coefficients, and |ci|2 represents the probability of
finding the system in the basis state |ϕi⟩. These coefficients satisfy the nor-
malization condition

∑
i |ci|2 = 1.

The state vector provides a compact and powerful way to represent the
quantum state of a system, particularly for pure states. It forms the basis
for describing quantum phenomena like superposition and entanglement and
is central to the mathematical framework of quantum mechanics.

Superimposition State

One of the fundamental principles of quantum mechanics is superposition,
which allows a quantum system to exist in multiple states simultaneously.

1which acts as a NOT operation.
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For a system with two possible basis states, denoted as |ϕ0⟩ and |ϕ1⟩, the
general state of the system can be written as:

|ψ⟩ = α|ϕ0⟩+ β|ϕ1⟩,

where α and β are complex coefficients satisfying |α|2 + |β|2 = 1. These
coefficients determine the probabilities of the system being found in |ϕ0⟩
or |ϕ1⟩ upon measurement, with |α|2 and |β|2 representing the respective
probabilities.

Superposition is a uniquely quantum phenomenon that allows the system
to simultaneously “exist” in all possible configurations defined by the basis
states. This property is a cornerstone of quantum mechanics, enabling quan-
tum systems to explore multiple possibilities in parallel. However, when the
system is measured, the superposition collapses into one of the basis states,
with the outcome governed by the probability distribution defined by the
coefficients.

Density Matrix

In quantum mechanics, the density matrix is a mathematical framework
that describes the state of a quantum system. It is particularly useful for
representing mixed ensembles (see below), where the system exists in a prob-
abilistic combination of different pure states (see below), or when the infor-
mation about the system is incomplete. For a quantum system with basis
states |ϕi⟩, any pure state |ψ⟩ can be written as a linear combination of the
basis states:

|ψ⟩ =
∑
i

ci|ϕi⟩,

where ci are complex coefficients satisfying
∑

i |ci|2 = 1. The density
matrix ρ is then defined as:

ρ =
∑
j

pj|ψj⟩⟨ψj|,

where |ψj⟩ are the relevant pure states of the system in the given context,
and pj is the probability of the system being in each pure state, with

∑
j pj =

1.
The density matrix generalizes the concept of a quantum state. While

pure states are represented as a single vector |ψ⟩, mixed ensembles, which
arise when a system is in a probabilistic combination of states, are captured
by the density matrix. The density matrix encodes both the probabilities
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of the states and their coherences, making it a powerful representation for
analyzing quantum systems, particularly in scenarios involving noise or en-
tanglement.

Pure State

A pure state is a quantum state that has a complete and definite description
in Hilbert space, represented by a single vector. Pure states are typically
expressed as a linear combination of basis states, and their properties are
fully determined by this vector. Mathematically, if a quantum state |ψ⟩ is
pure, its density matrix is given by ρ = |ψ⟩⟨ψ|. The density matrix for a
pure state satisfies2 Tr(ρ2) = 1, which distinguishes it from a mixed ensemble
where Tr(ρ2) < 1. Pure states can exhibit quantum superposition, allowing
the system to exist in a combination of basis states simultaneously.

Mixed Ensembles

A mixed ensemble (sometimes ambiguously called mixed state) is a quan-
tum state that represents a probabilistic mixture of different pure states,
rather than a single state vector. Mixed ensembles arise when there is partial
knowledge about the system, often due to interaction with an environment
or inherent uncertainties. A mixed state is described by a density matrix
ρ, which is a weighted sum of the density matrices of individual pure states:

ρ =
∑
i

pi|ψi⟩⟨ψi|,

where pi represents the probability of each pure state |ψi⟩. Unlike pure states,
mixed states satisfy Tr(ρ2) < 1, indicating that they are not fully coherent.
Mixed states are essential for describing systems in thermal equilibrium, sys-
tems affected by noise, or any quantum system where there is incomplete
knowledge about its exact configuration.

5.1.2 Core Concepts of Quantum Computing

Qubits

A qubit (quantum bit) is the fundamental unit of quantum information and
are described by quantum states in a two-dimensional Hilbert space. The
basis states for a qubit are often labeled as |0⟩ and |1⟩, corresponding to the

2Tr(ρ) represents the trace of the matrix, defined as the sum of its diagonal elements.
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classical binary states 0 and 1. However, unlike classical bits, a qubit can
exist in a superposition of states (see below):

|ψ⟩ = α|0⟩+ β|1⟩, (5.3)

where |0⟩ and |1⟩ represent the two basis states, and α and β are complex
probability amplitudes such that |α|2 + |β|2 = 1.

For a mixed state of a qubit, the density matrix ρ represents a prob-
abilistic mixture of pure states, capturing uncertainties in the state. This
distinction between pure and mixed states in qubits is crucial for under-
standing the effects of decoherence, noise, and measurement outcomes in
quantum computing.

Quantum Superposition

A qubit’s ability to be in a superposition is one of its defining properties.
This means that, until measured, a qubit exists simultaneously in both |0⟩
and |1⟩ states, with probabilities given by |α|2 and |β|2. In computational
terms, this means that a quantum computer with n qubits can represent 2n

states simultaneously.
This parallelism has enormous implications for processing power: while

a classical computer would have to evaluate each possible state sequentially,
a quantum computer can evaluate them all at once, exponentially increasing
its ability to solve certain types of problems.

Bloch Sphere

The Bloch sphere is a geometric representation of the state of a single qubit.
A qubit state can exist in any superposition of the basis states |0⟩ and |1⟩,
and the Bloch sphere maps this state to a point on the surface of a 3D sphere.
Any qubit state can be expressed as:

|ψ⟩ = cos

(
θ

2

)
|0⟩+ eiϕ sin

(
θ

2

)
|1⟩, (5.4)

where θ represents the angle from the north pole, and ϕ is the azimuthal angle
around the equator. The north pole of the sphere corresponds to the |0⟩ state,
while the south pole represents |1⟩. Points along the equator represent equal
superpositions, such as 1√

2
(|0⟩+ |1⟩).

This visualization is particularly useful for understanding quantum gates,
as each gate can be seen as a rotation on the Bloch sphere. For example,
applying an X (NOT) gate corresponds to a 180° rotation around the x-axis,
flipping |0⟩ to |1⟩.
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Entanglement

Entanglement is a unique quantum phenomenon where the states of two or
more qubits become correlated in such a way that the state of one qubit
directly influences the state of the other(s). Entangled qubits share infor-
mation in a unique way, where the measurement of one qubit immediately
determines the state of its entangled partner(s). For instance, a pair of qubits
can form a Bell state:

|Φ+⟩ = 1√
2

(
|00⟩+ |11⟩

)
, (5.5)

where the measurement of one qubit immediately determines the state of the
other.

Mathematically speaking, if we have two entangled qubits A and B in a
joint quantum state, the probability P (A = a |B = b) of measuring qubit
A in state a, given that we measured qubit B in state b, differs from the
independent probabilities. For entangled qubits, P (A = a |B = b) does not
equal P (A = a) or P (B = b), indicating that the outcome of one qubit
measurement directly affects the other’s probability distribution.

In other words, for an entangled state:

P (A = a and B = b) ̸= P (A = a) · P (B = b),

demonstrating that their outcomes are not independent. This dependency
defines entanglement, as opposed to separable states, where measurement
outcomes would satisfy P (A = a and B = b) = P (A = a) · P (B = b).

Entanglement enables complex correlations between qubits, which quan-
tum algorithms can exploit to perform computations that require relation-
ships or dependencies between data elements. This property is especially
valuable in algorithms that rely on parallelized computations across qubits,
such as certain quantum machine learning and optimization algorithms.

Quantum Measurement

In general, measurements provide an interface between quantum and classi-
cal information. When a measurement is performed on a system in a quan-
tum state, classical information is extracted, revealing something about that
quantum state, and generally changing or destroying it in the process. In
particular, quantum measurement is the process by which the state of a
qubit collapses to a definite value, either |0⟩ and |1⟩, when observed. This
measurement process introduces a probabilistic element, as the outcome of
a measurement is not deterministic but rather governed by the probabilities
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associated with the qubit’s amplitudes. Because of this probabilistic nature,
quantum computations often involve repeated measurements to gather a reli-
able distribution of results. This distribution allows us to infer solutions, and
for certain algorithms, the goal is to maximize the probability of obtaining
the correct result through constructive interference.

Observables

In quantum mechanics, observables are physical quantities that can be mea-
sured, such as position, momentum, or energy. Each observable is repre-
sented mathematically by a Hermitian operator Ô that acts on quantum
states in a given Hilbert space. The eigenvalues of this operator correspond
to the possible measurement outcomes for that observable, and the eigenvec-
tors represent the states in which these outcomes are certain. In quantum
computing, common observables include Pauli operators (X, Y, Z), which
can represent spin or polarization measurements, and Hamiltonians, which
represent the total energy of a system.

For example, if Ô is the Pauli-Z operator, measuring a qubit in the state
|0⟩ yields a result of +1, while measuring it in |1⟩ yields −1. Observables are
central to quantum computation because they allow us to extract information
from quantum states, typically at the end of a quantum algorithm. However,
measurement collapses the quantum state to an eigenstate of the observable,
so the outcome of each measurement only reveals partial information about
the system’s prior superposition.

Expectation Value

The expectation value of an observable is the average outcome of repeated
measurements of that observable on a quantum system in a given state. For a
quantum state |ψ⟩ and an observable Ô, the expectation value ⟨Ô⟩ is defined
as:

⟨Ô⟩ = ⟨ψ|Ô|ψ⟩.

This value represents the “mean” result you would obtain if you measured
the observable Ô many times on identically prepared systems in the state
|ψ⟩.

In quantum computing, expectation values are often calculated rather
than measured directly, especially in algorithms like the Variational Quan-
tum Eigensolver (VQE), where the expectation value of the Hamiltonian
represents the energy of a molecular system. Since the expectation value
of an observable can reveal important information about the system with-
out fully collapsing its state, it is a critical tool for extracting data from
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quantum computations, particularly in applications involving optimization,
physics, and chemistry.

Interference

Interference is a fundamental concept in quantum computing that enables
quantum algorithms to amplify correct solutions while diminishing incor-
rect ones. In classical probability, different outcomes are simply summed
up to give the total probability, but in quantum mechanics, probabilities
are derived from complex amplitudes, which can interfere constructively or
destructively.

When quantum states interfere constructively, their amplitude probabili-
ties combine to increase the likelihood of certain outcomes. This is the basis
for quantum algorithms like Grover’s search, where constructive interference
amplifies the probability of correct answers.

Destructive interference occurs when amplitudes cancel each other out,
reducing the probability of certain outcomes. Quantum algorithms can use
destructive interference to suppress incorrect solutions, steering the quantum
system toward states that represent correct answers.

Quantum algorithms leverage interference by carefully adjusting phase
rotations and entangling operations, creating patterns of constructive and
destructive interference across the quantum state space. By shaping these in-
terference patterns, quantum computers can explore complex solution spaces
more efficiently than classical systems, amplifying paths that lead to optimal
solutions while reducing others. Through interference, quantum computing
gains the ability to perform computations in parallel, reinforcing solutions
that satisfy problem constraints and canceling out solutions that do not. This
mechanism is key to the efficiency and power of many quantum algorithms,
making interference one of the defining principles that distinguishes quantum
computing from classical computation.

Quantum Gates

In quantum computing, quantum gates are the basic building blocks for ma-
nipulating qubits, similar to how logic gates function in classical computing.
However, unlike classical gates that operate deterministically, quantum gates
are unitary operations (i.e., preserve the inner product) that act on quan-
tum states in a reversible manner, preserving the total probability. These
gates enable the unique transformations necessary for quantum algorithms
by exploiting quantum phenomena like superposition, entanglement, and in-
terference.
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Single-qubit gates operate on individual qubits and include:

• Pauli Gates: The Pauli-X, Y, and Z gates perform specific rotations
on the Bloch sphere. For example, the Pauli-X gate acts like a quan-
tum “NOT”, flipping the qubit state from |0⟩ to |1⟩ and vice versa.

• Hadamard Gate (H): This gate creates superposition by transform-
ing a qubit from a definite state (e.g., |0⟩) into an equal superposition
of |0⟩ and |1⟩.

• Phase Gates: Gates like RZ(θ) rotate the qubit’s phase around the
Z-axis, adding a controllable phase to the qubit state, which is essential
for interference.

Multi-qubit gates operate on two or more qubits and are essential for
creating entanglement, which links the states of multiple qubits. Key multi-
qubit gates include:

• Controlled NOT (CNOT): This two-qubit gate flips the target qubit’s
state if the control qubit is |1⟩. The CNOT gate is foundational for en-
tanglement and is commonly used in creating entangled pairs in quan-
tum circuits.

• Controlled Phase Gates: These apply a phase shift to a target
qubit depending on the state of a control qubit, allowing for intricate
interference patterns in algorithms.

• SWAP Gate: The SWAP gate exchanges the states of two qubits
and is often used in algorithms to rearrange qubit states or in error
correction.

Quantum Circuits

Quantum circuits are sequences of quantum gates arranged to perform spe-
cific computations. A quantum circuit begins with qubits in a well-defined
initial state (often |0⟩), and a sequence of gates is applied to transform these
qubits into a superposition or entangled state that encodes the solution to a
problem.

Quantum circuits can be organized into layers, where each layer con-
sists of parallel gates that act on different qubits simultaneously. Layered
structures are common in quantum algorithms, as they allow for efficient
implementation of complex transformations.
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At the end of a quantum circuit, measurements collapse the qubits’ su-
perposition into classical bitstrings, providing output data. The probability
distribution of these outputs reveals information about the computation.

Quantum gates and circuits enable the core operations of quantum al-
gorithms. By applying quantum gates in a structured sequence, quantum
circuits execute algorithms designed to solve specific problems. By carefully
arranging gates and selecting parameters, quantum circuits harness superpo-
sition, entanglement, and interference to solve specific problems. Quantum
circuits are designed to emphasize constructive interference for solutions that
satisfy the problem’s constraints and to use destructive interference to reduce
incorrect solutions.

Variational Method in Quantum Mechanics

The variational method is a powerful technique for approximating the ground
state energy of a quantum system. The approach relies on the variational
principle, which states that for any normalized trial wave function ψ, the
expectation value of the Hamiltonian H calculated using ψ will always be
greater than or equal to the true ground state energy E0, i.e.:

⟨ψ|H|ψ⟩ ≥ E0.

The variational method proceeds as follows:

1. Trial Wave Function: choose a trial wave function ψtrial that depends
on one or more adjustable parameters.

2. Energy Minimization: calculate the expectation value of the Hamilto-
nian, i.e.:

⟨ψtrial|H|ψtrial⟩,

and adjust the parameters to minimize this value.

3. Approximate Solution: the minimized expectation value provides an
approximation of the ground state energy, while the optimized trial
wave function approximates the ground state wave function.

The variational method is widely applied in quantum mechanics, partic-
ularly for complex systems where finding the exact ground state solution is
computationally prohibitive.
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5.2 Quantum Optimization
When approaching optimization problems from a quantum perspective, the
initial task is to translate the original problem into quantum circuits and
operators. This process involves the following key steps:

1. Mathematical Reformulation: start by expressing the original prob-
lem using the Quadratic Unconstrained Binary Optimization (QUBO)
or Ising notation. This representation facilitates the mapping of the
problem into a format suitable for quantum computation.

2. Hamiltonian Representation: reformulate the optimization problem as
a Hamiltonian, where the ground state of this Hamiltonian corresponds
to the solution that minimizes the cost function.

Remark 2 Note that the objective function serves as a mathematical rep-
resentation of the system’s energy. Our ultimate goal is to minimize this
energy; a lower energy state corresponds to a better solution. Therefore, we
will frame every optimization problem as a minimization problem, a trans-
formation that is always mathematically feasible:

max
x∈X

f(x) ⇐⇒ −min
x∈X

−f(x).

5.2.1 Mathematical Reformulation: Objective Function

The objective functions can be expressed in two equivalent forms: Ising
Hamiltonians and QUBO formulations.

The Ising Model is a well-known framework in statistical mechanics used
to describe interactions in a system (Lucas [113]). An Ising Hamiltonian
involves variables that take values of +1 or −1. Mathematically, an Ising
Hamiltonian is expressed as:

min
s∈{−1,1}n

n∑
i=1

hisi +
∑

1≤i<j≤n

Jijsisj (5.6)

where:

• si and sj are the variables taking values in {+1,−1}.

• The coefficients hi are the bias terms,

• The coefficients Jij are the interaction (or coupling) constants between
i and j, capturing their coupling strength.
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The first term,
∑n

i=1 hisi represents the interaction with an external field.
The second term,

∑n
i=1

∑n
j=i+1 Jijsisj, represents the pairwise interactions

between i and j.
Quadratic Unconstrained Binary Optimization (QUBO) problems are well-

known in the field of combinatorial optimization .
A QUBO problem is defined by a n×n upper triangular matrix Q and a

vector of n binary variables x. The mathematical form of the QUBO problem
is given by:

min
x∈{0,1}n

n∑
i=1

Qiixi +
∑

1≤i<j≤n

Qijxixj ⇐⇒ min
x∈{0,1}n

x⊤Qx. (5.7)

In this formulation:

• The diagonal elements Qii of the matrix Q are the linear coefficients,
representing the contribution of each binary variable xi individually.

• The off-diagonal elements Qij (where i ̸= j) are the quadratic coef-
ficients, representing the interaction between binary variables xi and
xj.

Remark 3 Any QUBO problem can be easily mapped into an Ising problem
through simple equivalence:

si 7→ 2xi − 1 and xi 7→
si + 1

2
.

Remark 4 Any mathematical problem can be mapped into a QUBO problem.

5.2.2 Mathematical Reformulation: Constraints

By definition, a QUBO problem does not inherently accommodate con-
straints. However, there is a method to incorporate them. In this section,
we will explore how to implement a linear constraint within a QUBO formu-
lation.

The key lies in the concept of a penalty function, which is an additional
term added to the original objective function. This penalty must be mini-
mized along with the original objective, ensuring that the entire problem is
optimized while satisfying the constraint.

Suppose we want to add the following constraint to our optimization
problem:

n∑
i=1

xi = φ,
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where φ is a given constant. We can incorporate this constraint into the
objective function by minimizing the square of the difference between the
sum and φ:

n∑
i=1

xi = φ ⇒ min

(
n∑

i=1

xi − φ

)2

.

Expanding the square yields:(
n∑

i=1

xi − φ

)2

=

(
n∑

i=1

xi

)2

+ φ2 − 2φ
n∑

i=1

xi.

Since φ2 is a constant, it can be omitted from the objective function without
affecting the solution. Thus, we have:(

n∑
i=1

xi

)2

− 2φ
n∑

i=1

xi =
n∑

i=1

x2i + 2
∑

1≤i<j≤n

xixj − 2φ
n∑

i=1

xi.

Noting that x2i = xi for binary variables xi ∈ {0, 1}, this simplifies to:
n∑

i=1

xi − 2
∑

1≤i<j≤n

xixj − 2φ
n∑

i=1

xi.

We can further combine terms to get:

(1− 2φ)
n∑

i=1

xi − 2
∑

1≤i<j≤n

xixj.

Thus, the new objective function that includes the equality constraint be-
comes:

min
x∈{0,1}n

n∑
i=1

Qiixi +
∑

1≤i<j≤n

Qijxixj + β

[
(1− 2φ)

n∑
i=1

xi − 2
∑

1≤i<j≤n

xixj

]
,

where β is a penalty coefficient that controls the strength of the constraint
relative to the original objective function.

Remark 5 The penalty coefficient β plays a critical role in ensuring that
the equality constraint is respected when solving the optimization problem.

• Large β: the optimization process will heavily penalize any solution that
violates the constraint. This means that the solver will prioritize finding
solutions that satisfy the constraint even if it results in a slightly worse
original objective function value.
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• Small β: the solver may not penalize constraint violations strongly
enough. As a result, the optimization process might return a solution
that has a lower original objective value but violates the constraint.

In other words, β controls the trade-off between minimizing the original ob-
jective function and satisfying the constraint. Typically, β is chosen through
experimentation or based on prior knowledge of the problem. We tart with a
moderate β value that is comparable to the magnitude of the original objective
function terms. Then, if the solution violates the constraint, we increase β
incrementally until the constraint is satisfied. Conversely, if the constraint is
satisfied but the original objective function value is poor, we consider reducing
β slightly.

Suppose we want to add the following constraint to our optimization
problem:

n∑
i=1

xi ≤ ϑ,

where ζ is a given constant. How to deal with it? One way can be to re-state
this inequality into an equality using ϑ new slack binary variables :

n∑
i=1

xi +
ϑ∑

i=1

xi = ζ ⇐⇒
n+ϑ∑
i=1

xi = ζ.

At this point one can use the procedure described for equality constraints.

5.2.3 Hamiltonian Representation

In transitioning from a classical optimization problem to its quantum formu-
lation, the first step is to convert classical variables into quantum operators.
Specifically, we map the classical (binary or −1,+1) variables, typically de-
noted as xi with i ∈ {1, . . . , n}, to quantum mechanical operators—more
precisely, to Pauli Z matrices. These Pauli Z matrices, denoted by Zi with
i ∈ {1, . . . , n}, operate on qubits and take the eigenvalues ±1, representing
the states of the quantum system. This transformation is essential for rep-
resenting classical decision variables in a quantum mechanical framework, as
quantum systems inherently work with operators instead of static variables.

Definition 8 The Pauli Z gate is a single-qubit rotation through π radians
around the z-axis.

Z =

(
1 0
0 −1

)
.
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When we substitute these Pauli Z matrices into the classical optimization
problem, we obtain a quantum mechanical object known as the Hamiltonian,
denotedHC . This Hamiltonian encodes the cost function of the original prob-
lem, and is referred to as the cost function Hamiltonian. The cost function
hence Hamiltonian takes the following form:

HC = f(Z1, Z2, . . . , Zn), (5.8)

where f is the original cost function reformulated in terms of the Pauli op-
erators.

The key property of (5.8) is that its ground state (the lowest energy
state of the system) corresponds to the solution that minimizes the original
cost function (3.1). In other words, the quantum states with the lowest
energy levels represent the optimal or near-optimal solutions to the problem.
Thus, to solve the problem on a quantum computer, the goal is to evolve the
quantum system into a state that either reaches or has a high overlap with
the ground state of HC .

Techniques like Quantum Annealing (QA) or the Quantum Approximate
Optimization Algorithm (QAOA) are employed to drive the system towards
this ground state. For approaches like the QAOA, a parameterized quantum
circuit is constructed to approximate the ground state of the Hamiltonian,
using alternating layers of mixing and cost Hamiltonians. In contrast, QA
directly evolves the system under a time-dependent Hamiltonian to reach
the ground state. Once prepared, we can measure the quantum system and
sample from this low-energy state, which, with high probability, will yield
the optimal or near-optimal solution to the original optimization problem.
See Hadfield [71], Abbas et al. [4], Blekos et al. [22], Sachdeva et al. [140],
and references therein for a deeper investigation on quantum algorithms for
optimization problems.

5.3 Quantum Annealing
Once the Hamiltonian representation for the optimization problem is formu-
lated, the next steps in QA involve setting up the system’s evolution and
guiding it to reach the ground state of this Hamiltonian, corresponding to
the optimal solution. The process can be broken down into the following
steps:
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Step 0: Define the Initial Hamiltonian H0

The process begins by selecting a simple Hamiltonian, often called the initial
Hamiltonian, H0. A common choice for H0 is:

H0 = −
∑
i

Xi,

whereXi is the PauliX operator, which creates a superposition of all possible
states.

Step 1: Set the Time-Dependent Hamiltonian H(t)

QA operates by gradually transitioning from the initial Hamiltonian H0 to
the target Hamiltonian, which encodes the optimization objective; for all
t ∈ {0, . . . , T} we have:

H(t) =
[
1− s(t)

]
·H0 + s(t) ·HC .

The function s(t) defines the annealing schedule, controlling the transition
from H0 to HC over the total annealing time T . At t = 0 we have s(0) = 0
so that H(0) = H0; at t = T , we have s(T ) = 1 so that H(T ) = HC .

Step 2: Choose an Annealing Schedule

The annealing schedule s(t) plays a critical role in the process. A linear
schedule, where s(t) changes at a constant rate, is commonly used, but an
adaptive or non-linear schedule can sometimes improve performance by al-
lowing more time for complex parts of the problem. The goal is to evolve
the system slowly enough for it to remain in its ground state. This princi-
ple, known as the adiabatic theorem, ensures that if the system starts in the
ground state of H0, it will end in the ground state of HC , yielding the optimal
solution. Note that longer annealing times increase the chance of ending in
the ground state, though at the cost of computation time. A common linear
schedule is:

s(t) =
t

T
.

With this schedule:
• At the start (t = 0), s(0) = 0

T
= 0, so the Hamiltonian is H(0) = H0.

• At the end (t = T ), s(T ) = T
T
= 1, so the Hamiltonian is H(T ) = HC .

The Hamiltonian at any time t during the annealing process can then be
expressed as:

H(t) =
[
1− s(t)

]
·H0 + s(t) ·HC =

(
1− t

T

)
·H0 +

t

T
·HC .
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Step 3: Measurement and Solution Extraction

After the annealing process, measurements are made on the final state of the
system to determine the final configurations (i.e., the values of the variables)
that represent the solution. Since quantum systems are probabilistic, mul-
tiple runs are often required to ensure that the observed state is indeed the
ground state.

5.4 Quantum Approximate Optimization Algo-
rithm (QAOA)

Figure 5.1: QAOA circuit diagram. Taken and adapted from the Qiskit
documentation

Combinatorial optimization problems frequently require identifying an n-
bit string that maximizes a given objective function, denoted as C(z), where
z = z1z2 . . . zn represents the bit string. Typically, C is composed of multiple
clauses, each contributing to the overall objective based on specific subsets
of bits. Formally, we define:

C(z) =
m∑

α=1

Cα(z),

where Cα(z) = 1 if z satisfies clause α, and 0 otherwise.
The Quantum Approximate Optimization Algorithm (QAOA) is a hy-

brid quantum-classical algorithm developed to approximate solutions to such
problems using quantum resources. Working within a 2n-dimensional Hilbert
space spanned by computational basis states |z⟩, QAOA leverages quan-
tum phase and mixing operations to concentrate the probability distribution
around solutions that maximize (or minimize) the objective function. It is
particularly suitable for problems expressed in Quadratic Unconstrained Bi-
nary Optimization (QUBO) form, including NP-complete cases like MaxCut
and Max E3LIN2.
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At the heart of QAOA are two alternating unitary operators that depend
on tunable parameters: the Phase Operator U(C, γ) and the Mixing Op-
erator U(B, β). These operators are defined as:

U(C, γ) = e−iγC =
m∏

α=1

e−iγCα ,

where γ ∈ [0, 2π], and

U(B, β) = e−iβB =
n∏

j=1

e−iβσx
j ,

with β ∈ [0, π].
Here, B =

∑n
j=1 σ

x
j , where σx

j is the Pauli-X operator applied to bit j,
which serves to explore different configurations. See Farhi et al. [52].

5.4.1 Key Algorithmic Steps

• Initialization in Superposition – QAOA begins by preparing all
qubits in an equal superposition state:

|s⟩ = 1√
2n

∑
z

|z⟩ ,

using Hadamard gates to ensure each bitstring has equal probability.
This superposition makes all potential solutions available for subse-
quent transformations.

• Cost Hamiltonian – The cost function C of the optimization problem
is encoded into a Hamiltonian, known as the Cost Hamiltonian HC .
Each configuration of the system corresponds to a quantum state whose
energy is defined by HC . For example, in a MaxCut problem, where
qubits represent graph nodes and edges indicate interactions, HC could
be formulated as:

HC =
∑
⟨i,j⟩

ZiZj,

where Zi is the Pauli-Z operator on qubit i, and ⟨i, j⟩ represents an
edge between nodes i and j.

• Phase Operator – The Phase Operator U(C, γ) = e−iγHC intro-
duces phase shifts according to the values of the cost function, effec-
tively amplifying states with lower costs. By adjusting the parame-
ter γ, the algorithm emphasizes configurations with favorable values,
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promoting constructive interference for low-cost states while creating
destructive interference for high-cost configurations.

• Mixing Hamiltonian – To prevent the algorithm from becoming
trapped in local minima, the Mixing Hamiltonian HB is employed
to encourage transitions between states:

HB =
n∑

i=1

Xi,

where Xi is the Pauli-X operator on qubit i. The mixing Hamiltonian
facilitates exploration by “flipping” qubit states, thus expanding the
search across different configurations.

• Mixing Operator – The Mixing Operator U(B, β) = e−iβHB , im-
plemented as rotations around the X-axis by an angle β, acts as:

U(B, β) = RX(β)
⊗n,

where each qubit is rotated independently. This operator encourages
movement within the solution space, balancing exploration with the
selective reinforcement from the Phase Operator.

• Constructing the QAOA Circuit – The QAOA circuit consists of
applying p layers of alternating phase and mixing operations to the
initial state |s⟩, forming a parameter-dependent state |γ, β⟩:

|γ, β⟩ = U(B, βp)U(C, γp) · · ·U(B, β1)U(C, γ1) |s⟩ .

The expectation value of C with respect to this state is given by:

Fp(γ, β) = ⟨γ, β|C |γ, β⟩ .

Maximizing Fp(γ, β) over the parameters (γ, β) yields an approximation
to the optimal solution. Importantly, as p increases, the quality of this
approximation improves, approaching the true maximum of C(z).

• Parameter Optimization – QAOA is a hybrid algorithm, utilizing
classical optimization to iteratively refine the parameters γ and β to
maximize the probability of measuring the optimal or near-optimal
solution. Through classical optimization routines, these parameters are
fine-tuned over multiple executions, gradually improving the solution
quality with each iteration.
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• Sampling and Measurement – After executing the QAOA circuit
with the optimal parameters (γ, β), the final quantum state is measured
multiple times. The most frequently observed configurations—those
that correspond to low-cost solutions—represent the algorithm’s best
approximation of the optimal solution.

• Iterative Improvement – By iterating the classical optimization of
(γ, β), QAOA dynamically enhances the distribution of measurement
outcomes, focusing on configurations that yield minimal cost.

Recent improvements to QAOA, such as Multi-Angle QAOA and Digi-
tized Counterdiabatic QAOA, aim to increase the algorithm’s convergence
speed and resilience to noise, particularly beneficial in the context of Noisy
Intermediate-Scale Quantum (NISQ) devices. These variations introduce ad-
ditional angles or customized ansätze that can yield better approximation
ratios, enabling more efficient optimization over complex problem instances
(Blekos et al. [22]).

In particular, the multi-angle QAOA (ma-QAOA) introduces separate
angles for each term within these operators. Specifically, while the standard
QAOA applies cost and mixing operators as:

U(γ, C) = e−iγC and U(β,B) = e−iβB,

where γ and β are real-valued angles shared across all terms, ma-QAOA
replaces these with:

U(γ⃗l, C) = e−i
∑

a γl,aCa and U(β⃗l, B) = e−i
∑

v βl,vBv ,

where each layer l has its own set of parameters γ⃗l and β⃗l, allowing inde-
pendent control over each clause a in the cost operator and each qubit v in
the mixing operator. This finer granularity in ma-QAOA yields a higher ap-
proximation ratio by enabling more precise control over the state evolution,
achieving improved performance in fewer layers. For example, empirical re-
sults show that for MaxCut problems, a single ma-QAOA iteration matches
the approximation quality of three QAOA layers, suggesting that ma-QAOA
is particularly advantageous for near-term quantum devices where circuit
depth and noise are limiting factors (Herrman et al. [79]).

On the other hand, the Digitized-Counterdiabatic QAOA (DC-QAOA)
enhances the conventional QAOA by integrating counterdiabatic (CD) driv-
ing terms to the problem Hamiltonian, reducing nonadiabatic transitions and
accelerating convergence. Standard QAOA evolution from the mixing to cost
Hamiltonian relies on:

U(γ, β) = e−iβBe−iγC ,
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where β and γ are layer-specific parameters for the mixer B and cost C
operators. In DC-QAOA, we augment this with an additional CD driving
unitary:

U(γ, β, α) = e−iαAe−iβBe−iγC ,

where A represents the CD operator selected based on the problem Hamil-
tonian’s structure. By introducing the variational parameter α for the CD
term, DC-QAOA improves the approximation ratio, especially at shallow
depths. For instance, in certain cases like Ising models, DC-QAOA achieves
optimal approximation with just p = 1, compared to higher depths needed in
QAOA. The cost function F (γ, β, α) = ⟨ψ(γ, β, α)|H|ψ(γ, β, α)⟩, optimized
with respect to γ, β, and α, results in faster convergence to the ground state
while reducing circuit depth. Thus, DC-QAOA’s structured inclusion of CD
terms makes it more efficient on near-term quantum devices for combinatorial
and ground-state problems. See Chandarana et al. [31].

The QAOA offers a versatile framework for solving combinatorial opti-
mization problems on quantum devices, with the potential for scalable, high-
quality solutions as p grows. Through the interplay of quantum interference
and classical optimization, QAOA marks a significant step toward addressing
computationally challenging problems in the quantum era.

5.5 Quantum Machine Learning
Quantum machine learning harnesses the intrinsic parallel processing capa-
bilities of quantum computing, elevating the performance of traditional ma-
chine learning methods. Its core principle involves translating information
from classical learning algorithms into quantum states and conducting uni-
tary evolutions on these states for computational purposes. Fundamentally,
quantum machine learning unites the realms of quantum computing and tra-
ditional machine learning. By categorising data sources as either classical (C)
or quantum (Q) and distinguishing the computational device for data pro-
cessing as classical (C) or quantum (Q), the fusion of machine learning and
quantum computing can be approached through four distinctive strategies
(Jadhav et al. [86]), as depicted in Figure 5.2.

• Classic-classic (CC) method: This is the classical computing ap-
proach, which relies on traditional hardware and algorithms for process-
ing information. In the CC scenario, data is handled using conventional
machine learning techniques.

• Classic-quantum (QC) method: This scenario examines how ma-
chine learning might aid quantum computing. For instance, by obtain-

70



Figure 5.2: Four distinct approaches to combining quantum computing and
machine learning. See Chen et al. [33]

ing a complete description of the state of a computing device from a
few measurements and analyzing the measurement data using ML. See
Aaronson [3]

• Classic-quantum (CQ) method: This method leverages quantum
computing to analyze classical datasets, such as images and text, via
quantum algorithms. The primary goal is to develop algorithms by
either adapting classical machine learning models or creating new ones
suited to quantum computing’s unique properties, such as parallelism,
superposition, and entanglement (Abohashima et al. [8]). This method
combines quantum and classical approaches to accelerate machine learn-
ing algorithms, achieving higher performance.

• Quantum-quantum (QQ) method: The last scenario examines the
processing of “quantum data” by a quantum device. There are two pos-
sible interpretations of this. The information may be obtained through
a quantum experiment involving a quantum system and the subsequent
input of those experimental measurements into a different quantum
computer. In a second interpretation, a quantum computer simulates
the behavior of the quantum system and then uses the state of this
system as such an input of a QML algorithm performed on the same
computer.

In our study, we concentrate on the CQ scenario. There are two dis-
tinct approaches to the development of quantum machine learning models.
The first approach involves running traditional machine learning algorithms
on quantum computers or simulators in an effort to achieve algorithmic
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speedups. This approach needs to translate conventional data into quan-
tum data, a process known as quantum encoding. Another approach is to
create QML algorithms based on quantum subroutines, including Grover’s al-
gorithm, HHL algorithm, quantum phase estimation, and Variational Quan-
tum Circuit (VQC), which we cover later in detail. Figure 5.3 illustrates the
processing strategies used in conventional machine learning and QML. In
traditional machine learning, data are a direct input to the algorithm, which
then analyses the data and generates an output. QML, on the other hand,
demands the initial encoding of the data into quantum data. QML receives
quantum data as input, processes it, and generates quantum data as output.
The quantum data are then converted to conventional data.

Figure 5.3: Processing techniques of conventional machine learning and quan-
tum machine learning. CD represents classical data and QD represents quan-
tum data. See Zeguendry et al. [171]

5.5.1 Quantum Encoding

The majority of ML models depends on sets of data with {xi}i ∈ [N ] samples,
where xi ∈ Rd for every i. Additionally, one requires classical outcomes
including labels or classes {yi}i ∈ [N ], where yi ∈ Rd

′
for every i. In a Hilbert

space, there are several strategies for encoding data from classical data to
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quantum data. In other words, data encoding requires putting conventional
data into a quantum computer as quantum states. We describe four methods.
See Ranga et al. [132].

Basis Encoding Basis encoding links a computational basis state for an n-
qubit system. Therefore, traditional data should be the binary strings,
and encoded quantum state is the bit-wise conversion of a binary string
towards the equivalent states of the quantum subsystems. In example,
x = 1001 is encoded by the 4-qubit quantum state |1001〉. Furthermore,
one bit of classical data are encoded by one quantum subsystem. In
some ways, it is the most basic type of computing since every bit is
effectively replaced with a qubit, and computations are carried out
simultaneously on all bits in a superposition. Consequently, the bit
encoding for a vector is the following: m + [log(d)] qubits could a
vector x = (x1, . . . , xd) ∈ Rd as a quantum superposition of bit strings,
where each instance must be a binary string with N bits for the basis
encoding. xi = (b1, . . . , bj, . . . , bN) for j = 1, . . . , N with bj ∈ {0, 1}:

|x⟩ = 1√
d

d∑
i=1

|xi⟩ , (5.9)

where m denotes the amount of qubits used for the precision, while d
represents the number of samples. To encode a vector x = (2, 3) in
basis encoding. First, we must transform it to a binary format, with 2
bits, x1 = 10, x2 = 11. The corresponding basis encoding makes use of
two qubits to represent the data as below:

|x⟩ = 1√
2
|10⟩+ 1√

2
|11⟩ . (5.10)

Amplitude Encoding To employ qubits to represent classical vectors or
matrices, the most efficient encoding is by far the amplitude encoding
approach. It is the theoretical link between quantum computing and
linear algebra that uses quantum features to the maximum. The am-
plitudes of an n-qubit quantum state |ψx⟩ as |ψx⟩ =

∑d
i=1 xi |i⟩, with

d = 2n represent a normalized classical d-dimensional set of data x,
where xi is the i-th item, and |i⟩ is the i-th computational base state.
However, in this case, xi might be any numeric value, such as a floating
or integer point. For instance, suppose we want to use amplitude en-
coding to encode the four-dimensional array x = (1.0, 3.0,−2.5, 0.0).
The first step is to normalize this array, which is achieved by set-
ting xnorm = 1√

16,25
(1.0, 3.0,−2.5, 0.0). Two qubits are used to encode
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xnorm in the corresponding amplitude encoding as follows:

|ψxnorm⟩ =
1√

16, 25
[|00⟩+ 3 |01⟩ − 2.5 |10⟩] . (5.11)

This result state will at the same moment encode the matrix below:

X =
1√

16, 25

(
1.0 3.0
−2.5 0.0

)
(5.12)

where the first qubit represents the index for such a row, while the
second qubit represents the index for such a column.

Qsample Encoding Qsample encoding is a hybrid scenario of amplitude
and basis encoding, and it combines a real amplitude vector with
conventional binary probability distributions. Suppose an amplitude
vector v = (v1, . . . , v2n)

⊤ that describes an n-qubit quantum state.
Sampling a series of bits of size n with a set of discrete probabilities
p1 = |v1|2, . . . , p2n = |v2n|2 is comparable to measuring the n qubits.
This means that the amplitude vector may be used to characterize the
distribution of an a classical discrete random variable. Taking into
account a discrete classical probability distribution over binary repre-
sentation p1, . . . , p2n , the quantum state is:

|ϕ⟩ =
2n∑
i=1

√
pi |i⟩ . (5.13)

Angle Encoding Angle encoding, also referred to as qubit encoding or ten-
sor product encoding, is a technique employed by various QML algo-
rithms to encode input data features into the rotation angles of qubits.
For a feature vector x = [x1, . . . , xd] belonging to the space Xd, angle
encoding is mathematically represented as:

|x⟩ =
d⊗

i=1

(cos(xi) |0⟩+ sin(xi) |1⟩) (5.14)

where d features are encoded into an n-qubit system. The unitary
operation for state preparation of a single qubit in qubit encoding is
given by:

Sxj
=

d⊗
i=1

Ui (5.15)
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with each Ui defined as:

Ui =

cos
(
x
(i)
j

)
− sin

(
x
(i)
j

)
sin
(
x
(i)
j

)
cos
(
x
(i)
j

)  . (5.16)

Dense qubit encoding, a variant of angle encoding, allows for the encod-
ing of two features within a single qubit, thereby enhancing the density
of the encoded information. See LaRose and Coyle [108].

The ZZFeatureMap in Qiskit is an example of angle encoding with
added entanglement. In angle encoding, classical features are mapped
onto qubit phase rotations. For the ZZFeatureMap, each classical fea-
ture modulates the rotation angle along the Z-axis of each qubit, fol-
lowed by a ZZ interaction between pairs of qubits.
This structure uses the ZZ term to introduce entanglement, which is es-
sential for representing complex relationships among data features. By
combining feature-based phase rotations with entangling operations,
the ZZFeatureMap efficiently captures nonlinear patterns in the data,
making it a valuable tool in quantum machine learning.

5.5.2 HHL Algorithm

Many traditional machine learning processes require linear algebra compu-
tation of high-dimensional vectors. The mathematics behind quantum me-
chanics is basically linear algebraic computation in 2n dimensions, requiring
only n qubits. More concretely, calculations can be formulated via a mapping
of an N -dimensional vector |v⟩ to a quantum state of log2N qubits of which
basis is labeled by qα:

|v⟩ = 1√∑N
i=1 v

2
i

N∑
i=1

vi |i⟩, where |i⟩ = |q1, · · · , qα⟩ . (5.17)

A quantum device achieving this mapping is called quantum random access
memory (qRAM, Giovannetti et al. [61]). Solving a system of linear equations
is comparable to the matrix inversion issue. The objective of the matrix
inversion problem, with a matrix M and a vector |b⟩, is to determine the
vector |x⟩:

M |x⟩ = |b⟩ . (5.18)

Numerous algorithms for ML determine their parameter θ through solving
the Mθ⃗ = v⃗ matrix inversion issue. In general, the matrix M represents the
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input characteristics of the training data points expressed in the matrix X.
The data point matrix X and the targeted vector Y⃗ are both used to create
the training data point vector v⃗. In linear regression, in which the predicted
output is y⃗ = θ⃗⊤ ·x⃗, determining θ⃗ is as simple as solving the matrix inversion
issue presented below:

(X⊤X)θ⃗ = X⊤Y⃗ (5.19)

thus, M = X⊤X and v⃗ = X⊤Y⃗ in linear regression.
The Harrow–Hassidim–Lloyd algorithm (HHL) algorithm (Harrow et al. [73])
can solve this task in O((logN)2) time complexity under certain conditions on
X, but any classical algorithm requires time complexity at least proportional
to N . Many other linear algebra problems more or less can be reduced to
above formulation, for example, PCA and SVM. There remain, however, a
few caveats (Najafi et al. [124]): (1) this requires a qRAM; it is still unknown
how to realize this efficiently in any quantum computation model; (2) the
output is a quantum state; due to the wave function collapse in quantum
measurement, only one specific bitstring can be obtained according to the
probability which is the absolute square of the corresponding coefficient. The
latter has been solved in some application (Kerenidis and Prakash [97]),
but the former is still unknown. In fact, if a similar assumption is made
for classical computations (namely, encoding a high-dimensional vector with
nonnegative entries into a probabilistic distribution), some of these quantum
algorithms can be translated into the classical domain, which means the time
complexity is also for classical computation. See Tang [154], Najafi et al.
[124]. Although there is no known explicit realizations of HHL algorithm at
the large scale at the moment, it is still an exciting direction deserves further
studies, especially when quantum devices are fast developing with more and
more capabilities.

5.5.3 Quantum Support Vector Machine (QSVM)

One of the early works in QSVM was proposed by Rebentrost et al. [134],
which introduced a quantum algorithm for SVM classification that provides
an exponential speedup over classical algorithms. Over the years, there has
been significant research in the field of QSVM, exploring various theoretical
and practical aspects of the algorithm. Researchers have developed several
techniques to enhance the performance of QSVM, including the development
of quantum kernel methods, quantum feature maps, and quantum optimiza-
tion techniques. This earlier form of the QSVM relies on the HHL algorithm
to solve the linear systems associated with SVM optimization, specifically
by solving the dual form of the SVM problem in eq. 4.41 and eq. 4.42.
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This approach applies quantum computing to speed up the solution of large
linear systems, where classical SVMs would traditionally require extensive
computational resources. Using the HHL algorithm, the QSVM computes
this optimization by solving the linear system:

Aα = b (5.20)

where A and b represent matrices derived from the kernel function values
and class labels.

Various techniques have been combined to improve the QSVM. Recent
studies by Innan et al. [83] explore advancements such as the quantum kernel
support vector machine (QK-SVM), the quantum variational support vector
machine (QV-SVM), and the quantum variational kernel support vector ma-
chine (QVK-SVM), which combines the quantum kernel approach with a
quantum variational circuit.

In QK-SVM, a quantum kernel is used to map data into a high-
dimensional feature space without explicitly computing the transformation.
The dual form of the SVM remains the same as above, but here, the quan-
tum kernel K(xi, xj) is calculated by a quantum computer. Specifically, the
data points xi and xj, are encoded into quantum states |ϕ(xi)⟩ and |ϕ(xj)⟩.
The kernel is defined as:

K(xi,xj) = |⟨ϕ(xi)|ϕ(xj)⟩|2. (5.21)

The steps are.

1. Encode each data point xi as a quantum state using a quantum feature
map U(x), such that U(x)|0⟩ = |ϕ(x)⟩.

2. Compute the kernel matrix element K(xi, xj) = |⟨ϕ(xi)|ϕ(xj)⟩|2 using
a quantum circuit.

This kernel matrix is then used in a classical SVM to perform classification.
QK-SVM does not involve training quantum parameters, only computing
inner products with quantum circuits leveraging the kernel trick to classify
data non-linearly using quantum-enhanced features.

In QV-SVM, a parameterized quantum circuit is used to transform
input data into quantum states, learning an effective feature map during
training. The parameters θ of a variational quantum circuit U(x; θ), which
maps each data point x to a quantum state, are trained:

|ψ(x; θ)⟩ = U(x; θ)|0⟩. (5.22)
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To classify, the expectation of a specific observable O is measured as follows:

f(x; θ) = ⟨ψ(x; θ)|O|ψ(x; θ)⟩. (5.23)

The objective is to optimize θ to minimize a hinge loss (or another loss
function) based on the margin between classes:

L(θ) =
N∑
i=1

max (0, 1− yif(xi; θ)) , (5.24)

where yi are the class labels. The variational circuit parameters θ are opti-
mized, allowing the feature map to be learned from data. QV-SVM provides
flexibility but requires computationally expensive quantum circuit optimiza-
tion.

In QVK-SVM, the kernel trick is combined with a variational quan-
tum circuit, making the kernel itself parameterized and learnable. The
QVK-SVM computes a parameterized quantum kernelK(xi,xj; θ), where
θ represents the tunable parameters of the variational circuit. For data points
xi and xi, we encode them as quantum states |ψ(xi; θ)⟩ and |ψ(xj; θ)⟩ using
a parameterized circuit U(x; θ), then define the kernel as:

K(xi,xj; θ) = |⟨ψ(xi; θ)|ψ(xj; θ)⟩|2 (5.25)

where:

• Each data point xi is mapped to a state |ψ(xi; θ)⟩.

• The kernel matrix element K(xi, xj; θ) = |⟨ψ(xi; θ)|ψ(xj; θ)⟩|2 is calcu-
lated.

• The parameters θ of the kernel are optimized along with a classical
SVM to maximize classification accuracy.

The QVK-SVM learns the feature map by optimizing the kernel parameters,
allowing for adaptive kernel functions. This approach combines the best as-
pects of kernel-based methods and variational circuits but is computationally
demanding.

5.5.4 Variational Quantum Circuit (VQC)

Variational Quantum Circuits (VQCs) are a class of quantum circuits that
use a parameterized set of quantum gates whose parameters are optimized
variationally to minimize a cost function. These circuits play a crucial role
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in near-term quantum computing, especially in applications QML and opti-
mization problems. See Stęchły [150].

A quantum circuit is a sequence of quantum gates acting on qubits.
The gates are applied to manipulate qubits to encode information, process
it, and then produce an output. In VQCs, certain parameters, such as the
rotation angles of the quantum gates, are not fixed but are instead treated
as adjustable parameters, which can be optimized during training.

In the context of quantum machine learning, VQCs serve as a founda-
tional element for creating models such as Variational Quantum Classifiers
(VQCs). These classifiers are specifically designed to leverage quantum cir-
cuits to process and classify data that may be difficult for classical algorithms
to handle efficiently.

A typical variational quantum circuit consists of several layers of quantum
gates, where each layer contains parameterized gates. The general form of a
VQC can be written as:

|ψ(θ)⟩ = U(θ) |ψ0⟩ (5.26)

where:

• |ψ(θ)⟩ is the quantum state after applying the parameterized quantum
circuit.

• |ψ0⟩ is the initial quantum state (usually a simple state like the com-
putational basis state |0⟩).

• U(θ) is a unitary operator that is a function of the variational param-
eters θ = (θ1, θ2, . . . , θn).

These parameters are typically associated with the angles of quantum
gates such as rotation gates (e.g., Ry(θ), Rz(θ)), which are applied to
qubits. The number of layers and the type of gates used are critical factors
in determining the expressive power of the circuit.

Once the quantum circuit is prepared, the quantum system is measured to
extract classical data. In a typical classification problem, the measurements
can be mapped to a binary or multi-class outcome based on the measurement
results.

For a variational quantum classifier, the cost function measures how
well the circuit’s output matches the expected outcome. A standard method
for this is to use the mean squared error (MSE) or a cross-entropy loss
function, for example, in binary classification:

L(θ) = − (y log(p(θ)) + (1− y) log(1− p(θ))) (5.27)

where:
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• y is the true label (0 or 1).

• p(θ) is the probability of the measurement outcome corresponding to
the positive class, which is computed from the quantum circuit.

In the quantum setting, the probability p(θ) is determined by perform-
ing measurements on the quantum state and observing the frequency of the
desired outcomes, typically in the computational basis.

A Variational Quantum Classifier (VQC) is a quantum machine
learning algorithm that uses a variational quantum circuit to solve classifi-
cation tasks. The key steps involved in a VQC are as follows:

1. Data Encoding: Classical data must be encoded into quantum states.
The most common approach is to use amplitude encoding or basis en-
coding, where classical data is transformed into quantum states by
applying a series of quantum gates (e.g., Hadamard gates, Pauli rota-
tions) to the qubits.

2. Circuit Design: A quantum circuit is designed with parameterized
gates to perform computations on the encoded data. This quantum
circuit can be composed of several layers of gates, each parameterized
by variational parameters.

3. Measurement and Loss Function: After executing the quantum
circuit, measurements are performed on the qubits. The outcome of
these measurements is a probability distribution over possible classical
states. The classifier then computes the loss function (like cross-entropy
loss) based on the predicted probabilities and the true labels.

4. Optimization: The parameters θ of the quantum circuit are optimized
using classical optimization techniques (e.g., gradient descent or other
variational optimization algorithms) to minimize the loss function. The
optimization process is iterated until convergence, where the quantum
circuit learns to classify data effectively.

The mathematical formulation of the classifier output for a binary classifica-
tion task can be written as:

p(θ) =
∣∣∣⟨ψ(θ)|Ô|ψ(θ)⟩∣∣∣2 (5.28)

where Ô is an operator that projects onto the measurement outcome of in-
terest (e.g., the |1⟩ state), and |ψ(θ)⟩ is the quantum state generated by the
VQC.
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The optimization of VQCs is crucial, as it is the process that fine-tunes the
parameters θ to minimize the cost function. This is done by using classical
optimization algorithms such as (Cerezo et al. [30]):

Gradient Descent Standard gradient-based methods that compute the gra-
dient of the cost function with respect to the circuit parameters. How-
ever, due to the nature of quantum circuits, gradients are often approx-
imated using techniques like parameter-shift rules or finite difference
methods.

Adam Optimizer A widely-used adaptive learning rate optimization algo-
rithm that can be applied to VQCs to improve convergence speed and
stability.

Gradient-Free Optimization Methods like genetic algorithms or simu-
lated annealing are sometimes used when gradients are difficult to com-
pute or the cost function is highly non-convex.

Applications of VQCs in Quantum Machine Learning

Quantum Data Classification One of the primary applications of VQCs
is in the classification of quantum data or classical data encoded into
quantum states. The variational quantum classifier has shown promise
in handling certain types of data more efficiently than classical algo-
rithms, particularly in problems related to quantum state discrimina-
tion or problems involving quantum-enhanced features.

Quantum Chemistry VQCs are also used in the simulation of quantum
systems and the prediction of molecular properties. By leveraging the
quantum nature of the system, these models are expected to outperform
classical models in predicting properties of large molecules and solving
optimization problems in chemistry.

Quantum-enhanced Feature Learning VQCs can be used to learn high-
dimensional features of classical data through quantum feature maps.
This is particularly useful in tasks like clustering, classification, and
regression where the data is embedded into a higher-dimensional quan-
tum Hilbert space.

Variational Quantum Algorithms for Optimization VQCs are applied
in optimization problems, especially in combinatorial optimization, such
as finding the ground state of a Hamiltonian or solving traveling sales-
man problems. VQCs are particularly appealing for these tasks because
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they can leverage quantum parallelism to explore many solutions simul-
taneously.

5.5.5 Quantum Neural Network (QNN)

Quantum neural networks are a subclass of variational quantum algorithms,
comprising of quantum circuits that contain parameterised gate operations
(see Abbas et al. [5], Zhao and Wang [173]). The process is a quantum-
classical hybrid: the algorithms themselves are executed on a quantum com-
puter, but the optimization process is done classically. Parametrised Quan-
tum Circuits (PQC), in particular, are used for the implementation. Infor-

Figure 5.4: QNN circuit diagram. Taken and adapted from Qiskit documen-
tation

mation is first encoded into a quantum state via a state preparation routine
or feature map. Classical data x ∈ Rd is first encoded into quantum states
|ψ(x)⟩ using an embedding function:

|ψ(x)⟩ = Uenc(x)|0⟩⊗n,

where |0⟩⊗n is the initial quantum state of n-qubits, typically in the ground
state and Uenc(x) is the data encoding unitary operator. After encoding, the
circuit applies a parameterized quantum transformation U(θ):

|ψout⟩ = U(θ)|ψ(x)⟩,

82



where θ = {θ1, θ2, . . . , θp} are trainable parameters and U(θ) is a sequence
of parameterized quantum gates, such as:

• Rotational gates: Rx(θ), Ry(θ), Rz(θ),

• Entangling gates: Controlled-NOT (CNOT) or Controlled-Z (CZ).

The circuit consists of multiple layers of these gates, analogous to layers
in classical neural networks:

U(θ) =
L∏
l=1

Ul(θl),

where L is the number of layers.
The quantum state |ψout⟩ is measured in the computational basis to obtain

classical information. A set of measurement operators {Mi} is applied to
extract expectation values:

⟨Mi⟩ = ⟨ψout|Mi|ψout⟩.

The outputs are mapped to predictions for tasks like classification or
regression. The training objective is to minimize a cost function C(θ), defined
as:

C(θ) =
1

N

N∑
i=1

L(yi, f(xi,θ)),

where L(yi, f(xi,θ)) is a loss function (e.g., mean squared error or cross-
entropy) and f(xi,θ) is the prediction function based on ⟨Mi⟩.

The parameters θ are optimized using classical methods. Gradients of
the cost function are estimated using the parameter-shift rule:

∂C

∂θk
= C(θ+

k )− C(θ−
k ),

where θ±
k = θ ± π

2
ek, and ek is a unit vector.

This hybrid optimization process enables the circuit to iteratively improve
the model’s performance, using classical optimizers like gradient descent.

5.6 Hardware Limitations
Quantum algorithms designed for applications in optimization and machine
learning impose stringent demands on hardware, pushing current quantum
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systems to their limits. To understand the limitations, it’s essential to ex-
plore the specific needs of the most commonly used algorithms in these do-
mains—such as the QAOA, the VQE, and quantum machine learning models
(e.g., quantum neural networks, quantum kernel methods). These algorithms
rely heavily on the unique properties of quantum hardware to perform com-
plex computations, but their effectiveness is directly limited by the technical
constraints of current systems.

5.6.1 Introduction to IBM Quantum Hardware

The activities related to the INGENIOS project focus on IBM® hardware.
IBM’s quantum computers are based on superconducting qubits imple-
mented using Josephson junctions. These devices leverage the principles
of superconductivity and quantum mechanics to create and control qubit
states, enabling complex quantum computations. Here’s an overview of the
main elements:

Josephson Junctions and Qubit Design:

• IBM’s qubits are built using Josephson junctions, which consist of
two superconducting materials separated by a thin insulating layer.
This structure allows the controlled flow of supercurrents without elec-
trical resistance, enabling stable quantum states.

• By applying specific microwave pulses, IBM’s system can drive the
qubit into a superposition of its two lowest energy states. These
states represent the quantum analogs of classical binary 0 and 1 states,
forming the basis for computations.

Gate Operations:

• Quantum gates on IBM’s hardware are realized using precise microwave
pulses that control the qubit’s energy levels and phase. For instance:

– Single-qubit gates manipulate individual qubits, such as X, Y,
and Z gates for rotation, or the Hadamard gate for creating
superposition.

– Two-qubit gates, particularly the CNOT gate, are crucial for
entangling qubits. IBM’s two-qubit gates are implemented by
coupling qubits through resonators, allowing one qubit to control
the state of another.
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• These gate operations are implemented with high accuracy but are
limited by gate fidelity, which affects the reliability of quantum com-
putations, especially in deep circuits.

Entanglement and Connectivity:

• IBM’s architecture supports nearest-neighbor entanglement on a
2D grid, where each qubit can only interact directly with adjacent
qubits. Entanglement is achieved through controlled gates (such as
CNOT), which link qubits in correlated states.

• Limited connectivity necessitates additional SWAP gates to allow
distant qubits to interact, which increases circuit depth and error po-
tential.

Measurement and Readout:

• At the end of each computation, IBM’s quantum systems measure qubit
states to produce classical output. Each qubit’s state collapses into
either the 0 or 1 basis state, with probabilities dependent on the qubit’s
superposition before measurement.

• Readout errors are a challenge in superconducting qubit systems, as
measurement is a noisy process, which can introduce inaccuracies in
the results.

This hardware design allows IBM’s quantum processors to perform a va-
riety of quantum algorithms, although current technological limits in coher-
ence, fidelity, and connectivity impose constraints on complex computations,
such as those in optimization and machine learning.

5.6.2 Requirements of Quantum Algorithms

Quantum algorithms designed for applications in optimization and ma-
chine learning impose stringent demands on hardware, pushing current
quantum systems to their limits. To understand the limitations, it’s essen-
tial to explore the specific needs of the most commonly used algorithms in
these domains—such as the QAOA, the VQE, and quantum machine learn-
ing models (e.g., quantum neural networks, quantum kernel methods). These
algorithms rely heavily on the unique properties of quantum hardware to per-
form complex computations, but their effectiveness is directly limited by the
technical constraints of current systems.
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Limitations Due to the Number of Qubits

One of the most straightforward but critical limitations of current IBM quan-
tum hardware is the limited number of qubits available for computation.
While IBM’s processors have steadily increased qubit counts in recent years,
with devices reaching up to 127 qubits (e.g., IBM Quantum Eagle), this num-
ber remains insufficient for most complex quantum algorithms in optimiza-
tion and machine learning. Here’s how this impacts algorithm performance:

• State Space Limitations:

– Quantum algorithms benefit from larger state spaces, as each
qubit doubles the number of possible states (increasing as 2n for
n qubits). Optimization problems and machine learning tasks
often require exploring large solution spaces or encoding high-
dimensional data, which necessitates many qubits to represent all
possible configurations or features.

– With a limited number of qubits, IBM’s current hardware cannot
scale to solve large instances of these problems, which restricts
the use of quantum algorithms to small, simplified versions of
real-world tasks.

• Data Encoding Constraints:

– Many quantum machine learning models require encoding classical
data into quantum states, which can be challenging with limited
qubits. For instance, high-dimensional data may require mapping
features across multiple qubits, but in current systems, the number
of qubits is often insufficient to capture the full dimensionality of
complex datasets.

– This limitation forces trade-offs in data representation, often re-
quiring dimensionality reduction or more compact encoding meth-
ods, which may reduce the effectiveness of the algorithms.

• Circuit Depth versus Qubit Count:

– For algorithms like QAOA and VQE, increasing the number of
qubits directly correlates with the size of problems that can be
tackled. However, given limited qubits, there is often a balance
between circuit depth (to achieve accuracy) and the number of
qubits (to represent the problem size). This trade-off is particu-
larly restrictive in current hardware, as increasing depth leads to
increased error and limits practical problem-solving capability.
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In summary, the limited qubit count in IBM’s quantum devices directly
constrains the size and complexity of problems that can be addressed, pre-
venting these systems from achieving true quantum advantage in large-scale
optimization and machine learning applications. Increasing the number of
qubits, alongside improvements in coherence and fidelity, remains a crucial
goal for advancing the field.

Circuit Depth and Coherence Time

• High Circuit Depth for Complex Algorithms: Algorithms like
QAOA and VQE are variational and involve multiple repetitions of
parameterized quantum circuits. Each layer of these circuits increases
the circuit depth, which is the number of sequential gate operations
required. For optimization, each added layer improves the accuracy,
making higher circuit depth desirable.

• Importance of Coherence Time: Decoherence occurs when a
qubit loses its quantum state due to interactions with its environment.
It affects both T1 (energy relaxation) and T2 (dephasing or coherence)
times.

– Energy Relaxation (T1): This type of noise refers to the pro-
cess where an excited qubit (|1⟩) decays to its ground state (|0⟩)
due to energy loss, often to the surrounding environment. In su-
perconducting qubits, this relaxation is due to the dissipation of
energy to the quantum circuit and substrate materials.

– Dephasing Noise (T2): Dephasing noise occurs when a qubit
loses coherence between the |0⟩ and |1⟩ states due to phase noise.
This happens when a qubit’s phase is disturbed by external elec-
tromagnetic fields or temperature fluctuations, even without a
change in energy levels.

In IBM’s superconducting qubit systems, coherence times typically
range from tens to hundreds of microseconds. However, for deep cir-
cuits required in QAOA, VQE, and machine learning, longer coherence
times are essential. The limited coherence time of current qubits thus
restricts the depth and complexity of achievable circuits, leading to less
accurate results in tasks that require multiple iterations. Additionally,
when a quantum circuit is implemented on real IBM hardware, the ef-
fective circuit depth often increases. This is due to limitations in the
Instruction Set Architecture (ISA), which may require breaking down
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higher-level operations into multiple lower-level gates supported by the
hardware. As a result, the circuit depth on hardware can be signif-
icantly greater than the depth in the idealized model, compounding
coherence and fidelity challenges. This topic will be explored in more
detail in later workpakage of the INGENIOS project.

High Fidelity in Gate Operations

Quantum gates manipulate qubits, and any inaccuracy in gate operations
causes gate errors. These errors can occur due to improper calibration,
timing imprecision, or control pulse distortions.

• Over-Rotation or Under-Rotation: When applying a quantum
gate (such as an X, Y , or Z gate), slight errors in the pulse length
or amplitude can cause the qubit to rotate more or less than intended,
leading to errors.

• Crosstalk between Qubits: During multi-qubit operations, such as
CNOT or controlled-phase gates, crosstalk between neighboring qubits
can cause unintentional interactions that introduce errors into the sys-
tem.

• Need for Precise Quantum Gates: Quantum gates are fundamen-
tal operations in quantum circuits, but gate fidelity (accuracy of the
operation) directly affects overall performance. In IBM’s hardware,
gate fidelities have improved but remain imperfect, particularly for two-
qubit gates, which are typically less reliable than single-qubit gates. For
quantum machine learning and optimization algorithms, where small
errors accumulate with each gate, even minor inaccuracies can signifi-
cantly impact the results.

• Demand for Reliable Multi-Layered Circuits: Algorithms like
VQE and QAOA repeatedly apply layers of gates to achieve higher ac-
curacy in finding optimal solutions or approximations. However, lower
fidelity introduces more noise as layers increase, restricting the com-
plexity of circuits that can be implemented. For ML algorithms, which
require extensive data encoding and parameterized circuits, gate er-
rors lead to noise that affects the model’s accuracy and the ability to
generalize, posing a barrier to practical application.
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Connectivity and Entanglement Requirements

• Qubit Connectivity Constraints: Algorithms for optimization and
machine learning often require entanglement across multiple qubits
to process data in highly entangled states. Ideally, every qubit could
interact with any other qubit in the system, but IBM’s superconducting
architecture typically supports only nearest-neighbor connectivity.

• Multi-Qubit Entanglement for Correlated States: For algorithms
like QAOA and quantum neural networks, entanglement enables cor-
related states that encode complex relationships in optimization and
data patterns. Restricted connectivity limits the level of entanglement
achievable in practice, which constrains the ability to explore the solu-
tion space effectively or capture detailed patterns in data.

Accurate Readout and Measurement Precision

• Impact of Measurement Errors: Quantum algorithms end with a
measurement step, where the quantum states are read out into classical
results. For IBM hardware, measurement or readout errors introduce
inaccuracies that can affect the reliability of final results, especially
when probabilities of different states need to be estimated accurately.

• Measurement Fidelity for Optimization and Machine Learn-
ing: Algorithms like QAOA rely on sampling the state probabilities
after the circuit runs to identify solutions. Similarly, quantum ma-
chine learning models require precise measurements to correctly in-
terpret learned states. Measurement errors, if significant, can distort
results and reduce confidence in the output, particularly for algorithms
sensitive to small probability differences.

These core requirements—high coherence time, high gate fidelity, connec-
tivity for entanglement, and precise measurement—highlight the hardware
constraints that currently limit IBM’s quantum systems from realizing full
quantum advantage in optimization and ML. Current hardware improve-
ments focus on extending coherence, enhancing fidelity, and increasing qubit
connectivity, but achieving true quantum advantage will require further ad-
vances to meet the demanding specifications of these algorithms.
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5.7 Mitigation Strategies for Hardware Limita-
tions

Quantum computing faces inherent hardware limitations that impact its abil-
ity to achieve high accuracy and scalability. Limitations such as noise, lim-
ited qubit count, and restricted circuit depth currently prevent practi-
cal quantum advantage in many areas, especially in optimization and machine
learning applications. Various mitigation strategies have been developed to
address these constraints, often balancing trade-offs between resource use
and computational fidelity. These techniques, which range from quantum
error correction to circuit optimization and post-processing, allow quantum
systems to push beyond their hardware-imposed boundaries and maximize
their computational potential. The following overview introduces the pri-
mary approaches to mitigation, setting the foundation for more advanced
strategies to be discussed in depth later in this project.

5.7.1 Quantum Error Correction

Quantum Error Correction (QEC) is a robust framework designed to protect
quantum information from errors due to decoherence and gate imperfections.
QEC is essential for long-term quantum computing as it provides a way to
maintain the stability of quantum states in systems where even minor errors
can compromise the computation. Unlike classical error correction, which
can use duplication (copying data) to detect and correct errors, quantum
information cannot be copied directly due to the no-cloning theorem. Instead,
QEC uses redundant encoding across multiple qubits to detect and correct
errors.

• Encoding Logical Qubits with Physical Qubits: QEC schemes
encode a logical qubit (a unit of quantum information) across multiple
physical qubits to detect errors without collapsing the quantum state.
Popular QEC codes include:

– The Shor Code: This code uses 9 physical qubits to protect against
both bit-flip and phase-flip errors on a single logical qubit.

– Surface Codes : Surface codes have become a primary focus for
scalable QEC due to their two-dimensional layout and high toler-
ance for error. However, they typically require dozens of physical
qubits to encode a single logical qubit, which imposes a high over-
head on systems with limited qubits.
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• Trade-off with Qubit Count: Implementing QEC on near-term
quantum devices comes with a significant trade-off: since each logi-
cal qubit requires many physical qubits for encoding, the number of
qubits available for computation is effectively reduced. For instance, in
systems with fewer qubits, dedicating many of them to QEC reduces
the effective computational space, limiting the scope of problems that
can be addressed. However, QEC remains a critical component of long-
term quantum development, as error-corrected systems will eventually
allow for deeper, more accurate circuits.

5.7.2 Strategies for Reducing Qubit Requirements

Given the current limitations in qubit count, several strategies have been
developed to allow complex computations to be performed with fewer qubits:

• Circuit Cutting: Circuit cutting techniques allow large quantum cir-
cuits to be divided into smaller subcircuits. Each subcircuit is executed
independently on a smaller set of qubits, and the results are combined
through classical post-processing to approximate the results of the orig-
inal, larger circuit. Circuit cutting can be used to solve larger problems
on smaller hardware, albeit with increased computational cost and po-
tential accuracy trade-offs in the classical stitching process.

• Resource-Efficient Encoding: In some cases, classical data can be
efficiently encoded using fewer qubits by employing techniques like am-
plitude encoding or basis encoding, which compress information into
limited quantum resources. These approaches reduce the number of
qubits needed, though they may limit the types of data or operations
that can be performed effectively.

By using these strategies, quantum systems can perform more complex
calculations despite hardware limitations, allowing them to tackle larger or
more sophisticated tasks than would otherwise be possible.

5.7.3 Strategies for Minimizing Circuit Depth

Reducing circuit depth is essential for increasing the fidelity of quantum
algorithms, as the probability of errors increases with circuit depth due to
limited coherence times. Several circuit optimization techniques help manage
circuit depth without compromising algorithmic accuracy:
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• Gate Decomposition Optimization: Quantum algorithms often use
complex, multi-qubit gates that are not directly supported by hard-
ware. To implement these gates, they must be decomposed into a
series of simpler, native gates. Optimizing the decomposition process
minimizes the number of gates, which in turn reduces circuit depth and
error accumulation.

• Compiler-Level Optimizations: Quantum compilers, such as IBM’s
Qiskit, use advanced optimization routines to restructure circuits, elim-
inating unnecessary gates and reordering operations to minimize depth.
Compiler-level optimizations are essential for managing circuit com-
plexity while maintaining algorithmic functionality.

• Native Gate Usage: Many quantum hardware platforms have a lim-
ited set of native gates that they can execute directly. By designing
circuits to use these native gates wherever possible, circuit depth is re-
duced since fewer translation steps are needed. This helps ensure that
circuits execute within the qubit coherence time, reducing error rates
and improving accuracy.

Circuit optimization techniques, especially when applied systematically
across all layers of a quantum algorithm, can significantly enhance the relia-
bility of computations on near-term quantum devices.

5.7.4 Noise Reduction Strategies

Noise remains one of the most challenging barriers to reliable quantum com-
putation. Mitigating noise is critical for improving algorithm performance,
and several strategies have been developed to reduce its impact:

• Dynamical Decoupling: Dynamical decoupling uses a series of pulses
applied to a qubit to counteract environmental noise. These pulses ef-
fectively “echo” the qubit’s state, canceling out unwanted interactions
with the environment and prolonging coherence time. Dynamical de-
coupling is particularly useful in long-duration computations where de-
coherence poses a major risk.

• Gate Calibration and Pulse Optimization: By carefully calibrat-
ing gate parameters and fine-tuning pulse shapes, gate fidelities can be
improved significantly. In IBM’s hardware, frequent calibration rou-
tines ensure that gate operations stay within tolerance limits, minimiz-
ing error. Additionally, pulse-level optimization can enhance the pre-
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cision of gate operations, which is crucial for algorithms that require
precise control over phase and amplitude.

• Frequency Tuning and Error-Aware Scheduling: By adjusting
the frequency of qubit operations to minimize crosstalk and interfer-
ence, and scheduling operations in ways that minimize error propaga-
tion, noise levels can be further reduced.

Noise reduction strategies are essential for maximizing fidelity in quan-
tum circuits, especially for algorithms that require high precision, such as
variational quantum algorithms and error-sensitive machine learning mod-
els.

5.7.5 Noise-Resilient Algorithms

Certain quantum algorithms are designed to be inherently more resilient to
noise, making them better suited to current hardware:

• Variational Quantum Algorithms: Variational algorithms like VQE
and QAOA use iterative optimization to refine parameter values. Their
iterative nature allows them to tolerate certain levels of noise, as the
optimization process can absorb minor deviations in gate operations.
This resilience to noise makes variational algorithms particularly valu-
able for near-term applications, as they can still produce useful results
on noisy hardware.

• Hybrid Quantum-Classical Algorithms: Hybrid approaches split
computation between quantum and classical systems, reducing the quan-
tum portion’s complexity and making the algorithm less sensitive to
noise. By offloading certain calculations to classical processors, hy-
brid algorithms can achieve higher accuracy while utilizing shorter,
less error-prone quantum circuits.

Noise-resilient algorithms provide a pathway for performing meaningful
computations on current quantum hardware, maximizing the potential of
available resources while awaiting hardware improvements.

5.7.6 Post-Processing Error Mitigation

Post-processing techniques correct errors after the quantum computation has
been completed, making it possible to extract useful information from noisy
measurements:
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• Zero-Noise Extrapolation (ZNE): ZNE artificially amplifies the
noise in a quantum circuit and then uses this data to extrapolate back
to an estimated result as if there were no noise. By running a circuit
at varying levels of noise, ZNE provides a means of compensating for
noise-related errors without altering the circuit itself.

• Measurement Error Mitigation: Measurement errors, which occur
during the final readout of qubit states, can be mitigated by calibrat-
ing the readout process in advance. By determining the error rates for
specific measurement outcomes, a correction matrix can be applied to
account for misidentifications, improving the reliability of the measure-
ment results.

• Probabilistic Error Cancellation: Probabilistic error cancellation
uses classical post-processing to estimate and correct errors based on
known error profiles. This method uses error models to statistically
reverse the effects of noise, providing an error-mitigated result from
noisy output.

These post-processing techniques are valuable in extracting accurate re-
sults from near-term quantum computations, especially in scenarios where
altering the quantum circuit itself is not feasible. By correcting for errors
after computation, they enhance the practicality of noisy quantum devices
in real-world applications.
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Chapter 6

Comparison between Classical
and Quantum methods

6.1 Advantages of Quantum Approaches in Op-
timization

Quantum optimization methods, such as Quantum Annealing (QA) and the
Quantum Approximate Optimization Algorithm (QAOA), offer a compelling
alternative to classical techniques, especially for problems where classical
approaches face scalability or complexity limitations. In quantum comput-
ing, two types of performance improvement are often discussed: quantum
supremacy and quantum advantage.

6.1.1 Quantum Supremacy

It refers to the theoretical capability of quantum computers to solve problems
that are infeasible for classical computers, regardless of the classical hard-
ware or algorithms used. Algorithms such as Shor’s and Grover’s demonstrate
this potential for full supremacy. Shor’s algorithm, for example, allows for
polynomial-time factoring of large integers, a problem considered exponen-
tially hard for classical systems. Grover’s algorithm, while more modest in
speed-up, reduces the complexity of unsorted search from O(N) to O(

√
N),

showcasing an intrinsic quantum speed-up. However, these algorithms can-
not currently be scaled for real-world supremacy due to hardware limitations,
including error rates, qubit coherence, and gate fidelity.
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6.1.2 Quantum Advantage

It refers to a more achievable near-term goal where quantum algorithms out-
perform classical counterparts on specific tasks without necessarily achieving
full supremacy. Certain quantum optimization and machine learning tasks,
for instance, may benefit from quantum advantage. The kernel trick is an
example in which quantum systems access complex, high-dimensional feature
spaces more naturally than classical methods, aiding in tasks like classifica-
tion or clustering in machine learning. Additionally, quantum optimization
algorithms, such as QAOA, exhibit scalability advantages that allow them
to handle specific problem classes in polynomial time, providing substantial
speed-ups over classical alternatives for certain cases.

In summary, quantum optimization methods offer several key benefits for
addressing optimization problems:

1. Exploration of vast solution spaces : quantum algorithms use superpo-
sition to evaluate multiple solutions simultaneously, accelerating the
search within large solution spaces compared to the sequential or sam-
pled approach of classical methods.

2. Tunneling through local minima: quantum tunneling allows particles to
pass through potential barriers, giving quantum optimization methods
the ability to escape local minima in highly non-convex optimization
landscapes. This advantage is especially valuable in problems where
classical algorithms tend to get stuck in suboptimal regions.

3. Optimization speed-up for specific problems : for certain classes, quan-
tum algorithms may provide polynomial or exponential speed-ups over
classical methods. For example, Grover’s and Shor’s algorithms illus-
trate how quantum computation could theoretically solve problems be-
yond classical reach, while QAOA offers practical advantages for com-
binatorial problems as circuit depth scales.

4. Efficiency in approximating solutions : QAOA finds approximate solu-
tions by optimizing quantum circuit parameters, making it particularly
effective for near-optimal solutions within polynomial time. Quantum
interference can further refine solution quality in cases where exact
solutions are computationally infeasible.

5. Potential for scaling with quantum hardware improvements : quantum
devices continue to improve in qubit count and coherence, suggesting
that quantum optimization algorithms will eventually handle larger,
more complex problems beyond current classical methods.
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Overall, while quantum supremacy remains a longer-term goal dependent
on hardware advancements, quantum advantage presents realistic, near-term
benefits that can make quantum approaches attractive for specific types of
optimization and learning problems.

Achieving quantum advantage—where quantum computers outperform
classical systems in practical applications—remains an aspirational goal due
to significant hardware and algorithmic challenges. Current quantum proces-
sors, such as IBM’s systems, face limitations in qubit count, coherence time,
gate fidelity, and connectivity, all of which hinder the execution of complex
algorithms like QAOA or quantum machine learning models at scale.

For instance, encoding real-world optimization problems often requires
hundreds or thousands of qubits, far exceeding the capacity of current de-
vices. Furthermore, the short coherence times of superconducting qubits and
cumulative errors from low-fidelity gates limit the depth and accuracy of
quantum circuits.

Future advancements in hardware, such as IBM’s plans for Condor pro-
cessors with over 1,000 qubits, and algorithmic innovations, including noise-
resilient algorithms and hybrid error mitigation techniques, hold promise for
overcoming these barriers. By aligning hardware capabilities with the de-
mands of quantum algorithms, the realization of quantum advantage could
become a reality within the next decade.

6.2 Advantages of Quantum Approaches in Ma-
chine Learning

QML extends the principles of quantum computing to traditional machine
learning tasks, offering the potential to surpass classical methods in efficiency
and scalability. Key advantages include:

• Access to High-Dimensional Feature Spaces
Quantum systems naturally handle large, high-dimensional feature spaces
through techniques such as quantum kernels. These enable the efficient
exploration of complex data structures, a capability particularly valu-
able in classification, clustering, and regression tasks. For instance,
Quantum Support Vector Machines (QSVM) utilize quantum kernels
to separate non-linear data with polynomial or exponential speedup
compared to classical SVMs (see Table 6.1, Chen et al. [33]).

• Accelerated Linear Algebra Operations
Many machine learning algorithms rely heavily on matrix manipula-
tions, such as inversions and multiplications. Quantum algorithms,
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Table 6.1: Comparison of time Complexity.

Time Complexity
Method QML ML References
k-nearest O(log(n ·m)) O(n ·m) [166]
PCA O(log(d)) O(d) [112]
NN O

(√
N · E2 ·

(√
k +maxX

√
kX

))
O(N · E · k) [167]

k-Means O(k · log(k ·m · n)) O(m · n) [111]
SVM O(log(m · n)) O(m · n) [110]

such as the HHL algorithm, significantly accelerate these computations,
which are central to models like PCA and Regression, by reducing com-
plexity from polynomial to logarithmic scales under specific conditions.

• Enhanced Model Expressiveness with Quantum Neural Net-
works (QNNs) Quantum Neural Networks (QNNs) exploit param-
eterized quantum circuits to represent complex decision boundaries.
Compared to classical neural networks, QNNs can potentially achieve
equivalent performance with fewer parameters, improving training ef-
ficiency and reducing resource demands.

• Scalability to Large Datasets By encoding data into quantum states
and using quantum operations, QML can process massive datasets
with fewer computational resources. This is particularly advantageous
in fields like image recognition, natural language processing, and ge-
nomics, where data sizes are growing exponentially. Quantum algo-
rithms like QkNN can exploit quantum algorithms to speed up distance
calculations, reducing the time complexity from the classical O(n2) (for
large datasets) to potentially polynomial or logarithmic time, depend-
ing on the specific quantum algorithm used. This is particularly benefi-
cial for large datasets, where classical kNN suffers from poor scalability
as the number of data points grows. QkNN leverages the principle of
quantum superposition, which allows quantum computers to process
multiple possibilities simultaneously. This means that QkNN can eval-
uate multiple nearest neighbors in parallel, potentially reducing the
time required to compute similarity and distance metrics compared to
classical kNN, which processes each data point one by one.

• Overcoming Classical Limitations Like quantum optimization, also
QML benefits from the ability to escape local minima in non-convex
optimization landscapes. This is achieved through techniques like quan-
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tum tunneling and variational quantum algorithms, ensuring more re-
liable convergence in models prone to poor local optima.

• Feasibility in Hybrid Approaches Hybrid quantum-classical algo-
rithms allow classical systems to handle preprocessing and postprocess-
ing, while quantum systems address computational bottlenecks. This
division of labor maximizes the utility of current Noisy Intermediate-
Scale Quantum (NISQ) devices while preparing for future fault-tolerant
quantum systems.

As with optimization tasks, QML’s success depends on the availability of
robust quantum hardware. Key metrics such as qubit coherence, gate fidelity,
circuit depth, and error rates will determine the practicality and scalability
of QML implementations. Nonetheless, early demonstrations of quantum
advantage in tasks like classification and clustering suggest a promising future
for QML in both academic and industrial applications.

6.3 Disadvantages of Quantum Approaches
Quantum computing holds significant promise in optimization and machine
learning, offering unique computational capabilities in specific scenarios, as
discussed in the previous sections. However, it also faces several critical chal-
lenges that limit its current applicability, categorized into hardware-related
and non-hardware-related constraints.

6.3.1 Hardware Limitations

As discussed in section 5.6, quantum hardware imposes significant constraints
on the scalability and reliability of quantum computing solutions:

Limited Qubit Count Current quantum devices lack a sufficient number
of high-quality qubits to tackle large-scale problems, making them un-
suitable for many practical applications.

Short Coherence Times The fragile nature of qubits causes them to lose
quantum states quickly due to decoherence, which limits the depth and
complexity of executable quantum circuits.

Gate Errors and Noise Quantum gates are prone to errors, and noise in
quantum systems significantly impacts the accuracy of computations,
necessitating error mitigation techniques that increase computational
overhead.
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Hardware-Specific Constraints Physical qubit connectivity, gate fidelity,
and differences in architecture across devices (e.g., trapped ions versus
superconducting qubits) restrict the portability and efficiency of quan-
tum algorithms.

6.3.2 Non-Hardware Limitations

Beyond hardware issues, several challenges arise from theoretical, algorith-
mic, and practical considerations.

Algorithm Scalability While quantum algorithms offer theoretical speed
ups, their scalability often depends on problem-specific parameters. For
instance, variational algorithms like QAOA may require an exponen-
tially increasing number of layers to achieve competitive accuracy for
certain problems.

Problem-Specific Speedups Quantum advantage is problem-dependent;
for many tasks, classical algorithms remain more efficient.

Data Loading Overheads Quantum systems require classical data to be
encoded into quantum states, a process that can become a computa-
tional bottleneck for high-dimensional or large-scale datasets.

Latency in Hybrid Workflows Many practical quantum algorithms rely
on hybrid classical quantum workflows, which introduce additional
complexity and latency, reducing overall efficiency.

Ethical and Security Implications Quantum computing introduces new
ethical considerations and security challenges, particularly in cryptog-
raphy, that need careful examination as the technology evolves.

Despite the promise of quantum computing, these limitations underscore
the need for continued advancements in hardware, algorithm development,
and integration strategies to address both the technical and practical bar-
riers. For the foreseeable future, quantum methods remain complementary
rather than a replacement for classical optimization and machine learning
approaches.

The hardware and non-hardware limitations of quantum computing high-
light the complex and multifaceted barriers that currently impede its exten-
sive adoption. These general issues affect nearly every quantum application,
irrespective of the specific domain. However, when applied to specialized
fields like optimization and machine learning, these limitations manifest in
unique and domain-specific ways.
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The following sections examine the domain-specific disadvantages of quan-
tum computing in optimization and machine learning, examining how the
general constraints discussed above intersect with and exacerbate the chal-
lenges within these fields.

6.3.3 Disadvantages of Quantum Approaches in Opti-
mization

While quantum optimization algorithms, such as the QAOA and QA, promise
theoretical speed-ups over classical methods for certain problem classes, they
face several significant limitations that restrict their practical utility:

Problem-Specific Applicability Quantum optimization methods are very
specialized and work effectively only for a narrow subset of problems,
such as those expressible as QUBO problems or Ising models. Reformu-
lating general optimization problems into these forms often introduces
overheads or compromises problem fidelity (Lucas [113]). Furthermore,
problems with non-binary variables or constraints that are not easily
captured in these frameworks may require extensive pre-processing, re-
ducing the computational efficiency gained from the quantum approach.

Scalability Challenges for Real-World Problems Even though QAOA
and QA have demonstrated promise in solving small-scale combinato-
rial problems, their performance on larger, real-world instances remains
unproven. Studies suggest that the depth of quantum circuits required
for QAOA to achieve competitive results increases significantly with
problem size, often exponentially (Zhou et al. [174]). This requirement
places an unsustainable demand on current hardware, limiting the al-
gorithm’s scalability.

Similarly, quantum annealers, such as D-Wave’s systems, have shown
performance improvements in specific cases but struggle to outperform
classical solvers like simulated annealing or mixed-integer programming
solvers on complex, large-scale problem. See Hauke et al. [75].

Sensitivity to Noise and Errors Quantum optimization methods are par-
ticularly vulnerable to noise and decoherence, which can disrupt quan-
tum states during computation. For example, in QAOA, small errors
in the implementation of quantum gates or inaccuracies in parameter
tuning can significantly impact the quality of the obtained solutions
(Guerreschi and Smelyanskiy [67]). Quantum annealers are also sen-
sitive to environmental noise, which can lead to suboptimal solutions
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due to premature qubit decoherence during the annealing process. See
Preskill [130].

Performance Gaps with Classical Counterparts Quantum approaches
have yet to consistently outperform advanced classical algorithms for
many practical optimization problems. For instance, classical commer-
cial solvers such as Gurobi or CPLEX, which leverage decades of algo-
rithmic and hardware optimization, often achieve better results within
shorter timeframes for industrial-scale problems. This raises questions
about the practicality of deploying quantum algorithms outside niche
use cases (Rønnow et al. [136], Egger et al. [48]).

Limited Flexibility in Problem Constraints Quantum optimization al-
gorithms are less flexible than classical solvers in handling complex
constraints, such as integer variables, non-linearities, or dynamically
changing objectives. Encoding these constraints in quantum frame-
works like QUBO often requires introducing penalty terms, which can
inflate problem size and degrade solution accuracy; see Hauke et al.
[75], Lucas [113].

High Dependence on Hybrid Workflows Many quantum optimization
methods rely on hybrid classical-quantum architectures, where the quan-
tum system evaluates potential solutions while a classical system op-
timizes parameters or pre-processes data. These hybrid workflows in-
troduce latency and require significant computational resources, often
negating the potential benefits of the quantum component. See Egger
et al. [48].

Energy and Cost Considerations The operational cost of quantum op-
timization remains high due to the energy-intensive requirements of
maintaining quantum systems at cryogenic temperatures and mitigat-
ing noise. In comparison, classical optimization solvers are more energy-
efficient and cost-effective, making them a more practical choice for
most applications. See Preskill [130].

These limitations highlight the current immaturity of quantum optimiza-
tion algorithms and their reliance on hardware advancements and algorith-
mic innovation. While ongoing research explores ways to mitigate these
challenges, quantum optimization methods remain complementary to, rather
than a replacement for, classical optimization techniques in most real-world
scenarios.
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6.3.4 Disadvantages of Quantum Approaches in Ma-
chine Learning

QML holds the promise of leveraging quantum computing to revolutionize
traditional machine learning tasks. However, it faces several unique chal-
lenges that hinder its development and practical application. These chal-
lenges stem from both hardware limitations and theoretical complexities.

Training Challenges and Barren Plateaus One of the primary issues in
QML is the difficulty of training quantum models. Variational Quan-
tum Circuits (VQCs), commonly used in QML, suffer from barren
plateaus—regions in the optimization landscape where the gradient
vanishes, making it extremely difficult to update parameters effectively.
This issue worsens as the system scales, leading to exponentially flat
landscapes in deep circuits. McClean et al. [117] showed that barren
plateaus become more pronounced with increasing circuit depth and
qubit count, significantly hindering optimization efforts in QML mod-
els like QNNs and Variational Quantum Classifiers (VQCs).

Data Encoding Bottlenecks Encoding large-scale, high-dimensional clas-
sical data into quantum states remains a critical bottleneck in QML.
The process of mapping classical data into quantum amplitudes, known
as quantum state preparation, often has a complexity of O(2n), where
n is the number of qubits required to represent the data. This step can
negate potential quantum speed-ups, especially for high-dimensional
datasets commonly encountered in machine learning. Schuld and Petruc-
cione [145] emphasize that without efficient encoding schemes, the
practical advantages of QML are limited to relatively small or low-
dimensional datasets.

Hardware Constraints and Circuit Depth Many QML algorithms rely
on deep quantum circuits to exploit quantum entanglement and inter-
ference. However, current quantum hardware suffers from noise, short
coherence times, and low gate fidelity, making it challenging to execute
deep or complex circuits. For instance, Wang et al. [161] highlighted
that even shallow circuits for QSVMs experience significant perfor-
mance degradation due to hardware noise, limiting their practical scal-
ability. As a result, most QML implementations remain experimental
and constrained to small datasets with relatively simple circuits.

Interpretability Challenges Interpretability is another critical issue in
QML. Classical machine learning models, such as linear regression or
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decision trees, are often valued for their transparency and ability to ex-
plain predictions. In contrast, quantum models—relying on quantum
states and operators—are inherently non-intuitive and challenging to
interpret. Lloyd et al. [112] note that the abstract nature of quantum
mechanics introduces significant barriers to understanding how quan-
tum systems process information, making QML models harder to trust
in critical applications such as healthcare or finance.

Hybrid Complexity Most practical QML applications today rely on hy-
brid quantum-classical algorithms, where classical systems handle pre-
processing and postprocessing, while quantum systems execute the
computationally intensive core tasks. While this approach makes use
of current Noisy Intermediate-Scale Quantum (NISQ) devices, it in-
troduces significant integration challenges. Communication overhead
between quantum and classical systems can erode speed-ups, as noted
by Benedetti et al. [18], who demonstrated that the overall performance
of hybrid QML often depends more on the classical component than
the quantum one.

Benchmarking Against Classical ML Despite theoretical advantages, a
lot of QML approaches struggle to outperform highly optimized classi-
cal algorithms in practice. For instance, Tang [153] showed that certain
quantum-inspired algorithms for kernel-based methods can achieve sim-
ilar speed-ups on classical hardware without requiring quantum com-
putation. This raises questions about the practical utility of quantum
methods, especially given the significant hardware constraints and al-
gorithmic challenges.

Resource-Intensive Requirements QML models require extensive com-
putational resources, even in their classical preprocessing stages, to
prepare data and optimize parameters. For instance, hybrid QNNs of-
ten require classical optimization algorithms to tune quantum circuit
parameters, which can be computationally expensive, particularly for
large datasets or deep circuits. As the number of qubits increases,
the resource demands for classical simulation of quantum models grow
exponentially, as highlighted by Preskill [130] in his discussion of the
NISQ era.

Quantum machine learning offers exciting potential but faces several dis-
advantages that limit its current applicability. The above listed challenges
underscore the need for further advancements. Addressing these barriers will
require significant improvements in both quantum hardware and algorithm
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design, as well as a deeper understanding of how to effectively integrate
quantum computing into existing machine learning workflows.
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Chapter 7

Conclusions and
Recommendations

The initial stages of the INGENIOS project have provided valuable insights
into both the potential and the limitations of quantum computing to solve
complex, real-world problems relevant to our business and clients. By rig-
orously analyzing and simulating quantum algorithms for optimization and
machine learning tasks, we have identified areas where quantum computing
could deliver distinct advantages, along with significant technical barriers
that remain. In particular, the VRP and quantum machine learning applica-
tions were evaluated with realistic constraints, revealing both the practical
feasibility and current challenges posed by quantum hardware limitations.

This chapter summarizes the key findings and presents a roadmap for the
next phases of the project, aiming to address the technical, economic, and
workflow requirements necessary to bring quantum computing into practical
use.

7.1 Key Findings
• Quantum Computing Feasibility : quantum computing shows promise

for solving complex optimization problems like VRP and supporting
machine learning applications under certain conditions. Nevertheless,
achieving this potential in practical applications requires overcoming
hardware limitations, such as limited qubit counts, coherence times,
and high error rates, which restrict the depth and complexity of feasible
circuits.

• Performance Limitations on Current Hardware: IBM’s quantum pro-
cessors, while steadily improving, still present constraints in terms of
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qubit connectivity, gate fidelity, and coherence times. This imposes
practical limits on both the circuit depth and size, restricting the com-
plexity of solvable problems. Additionally, the financial costs associ-
ated with running complex algorithms on premium quantum hardware
highlight a need for further cost-benefit analysis.

• Workflow Complexity and Resource Requirements : the complete work-
flow, from classical problem formulation to quantum circuit design,
transpilation, and execution, requires significant computational and hu-
man resources. Classical simulations, circuit transpilation, and perfor-
mance optimization require considerable time and expertise, especially
given the need for algorithm adjustments to fit the hardware’s technical
constraints.

• Mitigation Strategies in Practice: effective error mitigation and cir-
cuit optimization techniques are essential for improving computation
quality on current quantum hardware. Techniques like quantum error
correction, circuit transpilation, and noise mitigation (e.g., zero-noise
extrapolation) were found to be effective but resource-intensive. The
analysis reveals that a hybrid quantum-classical approach is often nec-
essary to achieve reasonable accuracy.

7.2 Strategic Roadmap for Future Phases
To leverage quantum computing effectively and prepare for a potential quan-
tum advantage, the following roadmap is recommended for the next phases
of the INGENIOS project:

1. Advanced Hardware Benchmarking and Selection:

• Conduct systematic performance evaluations across different quan-
tum processors to identify optimal hardware platforms for various
use cases, focusing on quantum volume, gate fidelity, and cost per
computation.

• Assess potential collaborations with quantum hardware providers
to access cutting-edge machines with higher qubit counts and im-
proved error rates, enabling more complex problem-solving capa-
bilities.

2. Enhanced Problem Modeling and Complexity Analysis:
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• Deepen the analysis of complex real-world constraints in problems
like VRP by exploring advanced quantum algorithms (e.g., more
layered QAOA or hybrid classical-quantum algorithms) that could
address constraints like employee shifts, vehicle types, and routing
options.

• Conduct a scalability assessment to determine how algorithm per-
formance changes with increasing problem size and complexity,
providing insight into the feasibility of addressing larger, more
intricate cases as hardware capabilities advance.

3. Development of Efficient Workflow Pipelines:

• Establish automated pipelines for the workflow stages from clas-
sical problem formulation to quantum computation, emphasizing
circuit optimization and transpilation. This will reduce resource
consumption and streamline the process for future projects.

• Incorporate end-to-end cost tracking for each workflow stage to
monitor financial efficiency and adjust approaches based on budget
constraints.

4. Implementation of Advanced Error Mitigation Techniques:

• Expand the use of error mitigation strategies, such as dynamical
decoupling and measurement error mitigation, to improve compu-
tation accuracy without significant increases in circuit depth.

• Continue to develop and test hybrid quantum-classical algorithms,
which offer greater noise resilience and could yield usable results
on near-term quantum devices even with current error rates.

5. Building a Business Case for Quantum Adoption:

• Quantify the potential value-add of quantum computing for our
specific business applications, integrating financial cost, computa-
tional gains, and scalability into the analysis.

• Prepare a cost-benefit assessment to determine under what condi-
tions and for which applications quantum computing would offer
a meaningful advantage over classical computing.

• Develop educational initiatives to build quantum expertise within
the company, ensuring that our team is well-prepared to integrate
quantum solutions into real-world operations as the technology
matures.
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6. Long-Term Research and Development:

• Pursue ongoing R&D on emerging quantum algorithms and tech-
nologies, such as quantum machine learning architectures and
error-corrected quantum computing, that could bring us closer
to practical quantum advantage.

• Investigate potential quantum-cloud partnerships and use cases
for client applications, positioning us to leverage quantum com-
puting as it becomes more commercially viable.

7.3 Conclusion
The INGENIOS project’s findings underscore both the promise and the cur-
rent limitations of quantum computing. Although real-world applications
remain challenging, quantum computing offers unique problem-solving ca-
pabilities that are expected to become transformative as hardware and al-
gorithms advance. By following this roadmap, we aim to ensure that our
organization remains at the forefront of this emerging field, positioning our-
selves to harness quantum advantage as the technology develops. Through
rigorous benchmarking, workflow optimization, and continuous R&D, we can
create a robust foundation for the effective integration of quantum computing
into practical applications, thereby delivering significant value to our clients
and staying ahead in a competitive landscape.
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